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Introduction 



Let G be a connected semisimple Lie group with finite center, let G = KAN be an Iwasawa 
decomposition of G and let M be the centralizer of Am K. A horosphere in the Riemannian 
symmetric space X = G/K of non-compact type is a submanifold of the form gN ■ K, with 
g G G. The set of horospheres is in bijection with the manifold H = G/MN via the map 

E : g • MN i-> gN ■ K. 

The horospherical transform on X is the Radon transform Ti mapping a compactly supported 
smooth function on X to the function 

72-0 : g ■ MN i-> / </>(#n • if) 

./jv 

on E. In [Hel73 ( Lemma 8.1] S. Helgason proved the following support theorem for this trans- 
form. 

Let <p be a compactly supported smooth function and let V be a closed ball in X. Assume that 

K4>(£) = whenever E(£) n V = 0. 

Then 

<f>(x) = for x £ V. 

Note that this theorem implies that the horospherical transform is injective on the space of com- 
pactly supported smooth functions. 

In this article, Helgason's result is generalized to a support theorem for a class of Radon 
transforms (including the horospherical transforms) on a reductive symmetric space X = G/H 
with G a real reductive Lie group of the Harish-Chandra class and H an essentially connected 
open subgroup of the fixed-point subgroup G u of an involution a on G. 

Let 9 be a Cartan involution of G commuting with a. For each a o 0-stable parabolic subgroup 
P with Langlands decomposition MpApNp we consider the Radon transform Tip mapping a 
function <fi on X to the function on the homogeneous space Ep = G/(MpAp n H)Np given by 

Kp(t>(g ■ £p) = / H9n ■ H) dn. 

JN P 

Here £p denotes the coset e • (MpAp n H)Np containing the unit element e. This Radon trans- 
form, which is initially defined for compactly supported smooth functions, can be extended to a 
large class of distributions on X. 

If Pq is a minimal a o 6*-stable parabolic subgroup of G contained in P, then Ap is contained 
in Ap . The Lie algebra ap of Ap is cr-stable and decomposes as the direct sum of the +1 and 
—1 eigenspace for a. The latter space is denoted by a q . The connected abelian Lie subgroup of G 
with Lie algebra a q is denoted by A q . 

The maps 

K x Aq — > X; (k, a) H> ka ■ H 

and 

K x A q — > Ep; (k, a) (->• ka - £p 
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are surjective, just as in the Riemannian case. For a subset B of a q , we define 

X(B) = Keyip(B) ■ H and E P (B) = K exp(B) • £ P . 

The support of a transformed function or distribution is non-compact in general. In fact, if 
the support of a distribution fi is contained in X{B) for some compact convex subset B of a q 
that is invariant under the action of the normalizer of a q in K n H , then the support of the Radon 
transformed distribution 7£p/x is contained in Ep(B + Yp), where Yp is the cone in a q spanned 
by the root vectors corresponding to roots that are positive with respect to P. The support theorem 
that we prove in this article is a partial converse to this statement for distributions \i in a suitable 
class of distributions, containing the compactly supported ones: 

Theorem 14.61 Let B be a convex compact subset of a q that is invariant under the action of the 
normalizer of a q in Mp n K n H. If 

supp(^ P /i) C Ep(B + T P ), 

then 

supp( M ) C X(C), 

where C is the maximal subset of B + Tp that is invariant under the action of the normalizer of 
o q in K n H. 

If K = H and P is a minimal parabolic subgroup of G, then C equals B. Our theorem 
reduces then to the support theorem of Helgason for the horospherical transform on a Rieman- 
nian symmetric space of non-compact type. Just as in the Riemannian case, the support theorem 
implies injectivity of the Radon transform. 

After some preliminaries in Chapter [TJ we introduce the transforms under consideration and 
establish some of their properties in Chapter |2] In Chapter [3] we consider the horospherical trans- 
form. A horospherical transform is a Radon transform 1Zp as above, with Pq a minimal a o 9- 
stable parabolic subgroup. The horospherical transform is related to one component of the so 
called unnormalized Fourier transform on X corresponding to the parabolic subgroup Pq. As in 
the proof for [Hel73, Lemma 8.1], given the support of the horospherical transform of a func- 
tion, it is possible to derive Paley-Wiener type estimates for this component of the unnormalized 
Fourier transform. The unnormalized Fourier transform is in turn related to the normalized Fourier 
transform corresponding to the opposite parabolic subgroup Pq for i^-finite functions on X. The 
Paley-Wiener estimates for the one component of the unnormalized Fourier transform yield Paley- 
Wiener estimates for one component of the normalized Fourier transform. A first support theorem 
(Proposition [349]) is then obtained from these estimates by using the Fourier inversion formula of 
Van den Ban and Schlichtkrull ([BS99, Theorem 4.7]) and then by mimicking the proof for the 
classical Paley-Wiener theorem for the Euclidean Fourier transform. However, this result gives 
information only on the intersection of the support of the function with a certain subset of X re- 
lated to Pq. Using the equivariance of the horospherical transform, we then obtain the full support 
theorem (Theorem 13.211) for this transform. In Chapter |4] we generalize this (in Theorem 14.61 ) to 
a support theorem for the Radon transform IZp on distributions for P an arbitrary a o ^-stable 
parabolic subgroup. 
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1 Notation and preliminaries 



In this chapter we recall some of the theory of Radon transformation, reductive symmetric spaces 
and parabolic subgroups and we fix the notation that we use throughout the article. The theory 
discussed in this chapter can be found in BHellli BVar77H . (Kna02 ] and [BSD03. 



1.1 Double fibrations 

In the theory of Radon transformation, as introduced by Helgason in [Hel66 ], one considers a 
double fibration of homogeneous spaces 

Z = G/(SC\T) (1.1) 



G/S = X E = G/T 

where G is a Lie group, S and T are two closed subgroups of G and Ilx and 11= are the canonical 
projections. The map from Z to X x E 

9-(SDT)^(g-S,g-T) 

is an embedding. Via this embedding points in Z are identified with points in X x E. 

A double fibration defines an incidence relation: x G X and £ G 5 are said to be incident 
if (x,£) G Z. Note that x and £ are incident if and only if £ £ Ub(HZ- {x)), or equivalently, 
x G nx^ 1 ^)). If the set-valued maps 

i3mn H (n^(s)) and ss^nxin; 1 ^)) 

are both injective, then following Helgason, we say that S and T are transversal. 



1.2 Radon transforms 

Following L. Schwartz, we denote spaces of compactly supported smooth functions and spaces 
of smooth functions by and S, respectively. Spaces of distributions and spaces of compactly 
supported distributions we denote by Q>' and respectively. 

To be able to define the Radon transforms for a double fibration (11.11 ). we need the following 
assumptions 

(A) There exist non-zero Radon measures dsnTS and dsnrt on S/ (S n T) and Tj (S n T) 
invariant under S and T, respectively. 

(Bl) For every G S>(X) the function T/(S nT)-)>C given by 

(■(snr)4 ^(t-s) 

is absolutely integrable with respect to d(snT)t- 
(B2) For every ^ G 0(E) the function S/(S n T) -> C given by 

s • (5 n T) H> 0(s • T) 
is absolutely integrable with respect to d(snT) s - 
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The Radon transforms 1Z and S for the double fibration (11.11) are defined to be the transforms 
mapping functions <fi G S>(X) and tp £ 9(E) to the functions 



Tlcf) : E -> C and 5^ : X -> C 



given by 



K^g ■ T) = [ <j>(gt ■ S) dsnrt 



JT/(SnT) 



and 



S^(g ■ S) = [ ip(gs ■ T) dsnTS 



JS/(SnT) 



respectively. If the condition 

(B) ST is a closed subset of G 

is satisfied, then (Bl) and (B2) hold and 1Z and S are continuous operators from 9(X) to <f(3) 
and from 9(E) to S(X), respectively. (See [Hell II Section II.2].) Note that the Radon transforms 
are G-equivariant. 
If moreover 

(C) There exist non-zero G-invariant Radon measures dx and d£ on X and 3, 
then S and 1Z are dual to each other in the sense that for all <fi € &{X) and ip G ^(3) 



assuming the measures aie suitably normalized. This duality allows to extend the Radon transform 
to the space of compactly supported distributions: for fi € S"(X) and v G <^'(3), we define 
Ufi € ^'(3) and 5^ G ®'{X) to be the distributions 



1.3 Reductive Symmetric spaces 

A symmetric space is a homogeneous space G/H for a Lie group G, where i/ is an open subgroup 
of the fixed point subgroup of some involution a of G. 

Let G be a reductive Lie group of the Harish-Chandra class, let a be an involution of G 
and let X be the symmetric space G/H, where H is an open subgroup of G a . We denote the 
corresponding involution on q by a as well. 

There exists a Cartan involution 9 that commutes with a, i.e., 



We fix such a Cartan involution 9 and write K for the fixed point subgroup G . The corresponding 
involution of the Lie algebra g we denote by 9 too. The Lie algebra of g decomposes as a direct 
sum of vector spaces 



of eigenspaces for 9 and a respectively. Here the first component is the +1 and the second the 
— 1 eigenspace. Note that t is the Lie algebra of K and f) is the Lie algebra of H. Since a and 6 
commute, the Lie algebra g decomposes also as 




(1.2) 



Kn : 9(E) 3 V ^ fJ.(Si/>) and Sv : 9{X) 3 <f> i-+ i/(7ty). 



(1.3) 



(7 O 6 = 9 O (7. 



g=£0p=heq 



g = (t n h) e ({ n q) © (p n h) e (p n q). 
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We fix a maximal abelian subspace a q of p n q. The subgroup H is called essentially connected if 

H = Z K nH(aq)H°, 

where H° is the identity component of H and ZxnHi^q) the centralizer of a q in K n H. (See 
BBan86[ p. 24].) Every Cartan involution commuting with a is conjugate to 9 via an element of 
Ad(H) and every maximal abelian subspace of p n q is conjugate to a q via an element of K C\H. 
This implies that the notion of H being essentially connected is independent of the choice for 
o q . If H is essentially connected, then X = G/H is called a reductive symmetric space of the 
Harish-Chandra class, or for short a reductive symmetric space. 

Examples of reductive symmetric spaces are spheres, Euclidean spaces, pseudo-Riemannian 
hyperbolic spaces and the De Sitter and the anti De Sitter space. Also a Lie group G of the 
Harish-Chandra class may be viewed as a reductive symmetric space. In fact 

(G x G)/diag(G) -> G; ( 9l ,g 2 )- diag(G) m- 9l g^ 1 

is a diffeomorphism and diag(G) is the fixed point subgroup of the involution (gi, g 2 ) h-> (<?2> <?i) 
of G. Therefore (G x G)/diag(G) is a symmetric space. Since Zk(o) meets every connected 
component of G (see [Kna02, 7.33]), the subgroup diag(G) of G x G is essentially connected, 
hence (G x G)/diag(G) is of the Harish-Chandra class. Another important class of symmetric 
spaces is the class of Riemannian symmetric spaces of non-compact type. These symmetric spaces 
are obtained by taking G to be a non-compact connected semi-simple Lie group and a to be equal 
to a Cartan involution 9 of G. The symmetric space is then of the form X = G/K. 
From now on we will always assume the following. 

(i) G is a reductive Lie group of the Harish-Chandra class. 

(ii) a is an involution of G and H is an open subgroup of the fixed point subgroup G° '. 

(iii) 9 is a Cartan involution commuting with a and K = G e . 

(iv) H is a essentially connected. 

(v) X is the reductive symmetric space G/H. 

1.4 Parabolic subgroups 

If P is a parabolic subgroup of G, we write P = MpApNp for its Langlands decomposition and 
L p for the ^-stable reductive component MpA p of P. The corresponding decompositions of the 
Lie algebra of P are denoted bymp©op©np and lp © np, respectively. 
We recall the following well known results. 

Lemma 1.1. Let P be a parabolic subgroup ofG 

(i) A C P if and only if dp C a. 

(ii) Lp is a reductive Lie group of the Harish-Chandra class. 

Let P and Q be two parabolic subgroups of G. Assume that P C Q. Then 

L P C Lq, Aq C A P and N Q C Np. 

Assume that P and Q are parabolic subgroups of G and P Q Q. We write A r p for the 
intersection Np n Lq. The Lie algebra of Np is denoted by rip. Note that the multiplication map 

Nq x Np — ^ iVp 

is a diffeomorphism. 
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1.5 The class of a o ^-stable parabolic subgroups 

In this section we describe the a o ^-stable parabolic subgroups, i.e., the parabolic subgroups P 
with the property that a o 9{P) = P. 

We fix a maximal abelian subspace o q of p n q and a u-stable maximal abelian subspace a of 
p containing a q . Being <r-stable, a decomposes as 

a = (an h) o q . 

We write A and A„ for the connected abelian subgroups of G with Lie algebras a and a q , respec- 
tively. 

We define E(g, a q ) to be the set consisting of non-zero elements (3 € a* such that /3 = a>\ 
for some root a € £(g, a). The set S(g, a q ) is a root-system in a*. For a £ S(g, a q ) we define 

Q a = {Y € g : ad(Z)y = a{Z)Y for all Z € a q }. 

Let S + (g, Oq) be a choice of a positive system for E(g, o q ). Let 

aeS+(g,a tl ) 

and let A^o = exp(no). Then Zc(oq) normalizes Ao and therefore Pq = Zc(aq)No is a subgroup 
of G. In fact Pq is a a o 0-stable parabolic subgroup that is minimal in the sense that if Q is a 
a o ^-stable parabolic subgroup contained in Pq, then Q = Pq. Every other minimal a o ^-stable 
parabolic subgroup of G is conjugate to Pq via an element of K. 

If Pq is a minimal a o 6*-stable parabolic subgroup, then ap n q is a maximal abelian subspace 
of p n q and Lp Q equals the centralizer in G of ap n q. Furthermore, there exists a unique choice 
of a positive system S + (0, ap n q; Po) for S(g, ap Pi q) such that tip equals the direct sum of 
root spaces g a with a £ S + (0, ap n q; Po)- 

Lemma 1.2. Le? P be a a o Q -stable parabolic subgroup of G. 

(i) Lp equals the centralizer ofapPiqin G. 

(U) Ai Q P if and only if ap P\q C a q . 

C Hi) Assume Pq is a minimal a o 0-stable parabolic subgroup contained in P and A q C Pq. Then 

aGE+( ,a q ;P ) 
a ^0 

Proof. For f/j, see [Ban88 , Lemma 2.2]. 

Assume A q C P. Since A q is 6*-stable, it is contained in Lp. This implies that the center 
Z{ip) of [p is contained in the centralizer i? (oq) of a q in 0. Therefore 

op n q = z{ip) n p n q c z g (o q ) n p n q. 

Since a q is a maximal abelian subspace of p n q, the latter equals a q . 

For the converse, assume that ap n q C a q . Since a q is abelian, it centralizes ap n q. By (i) 
the subalgebra a q is contained in [p. Therefore Aq = exp(a q ) is contained in Lp, which in turn 
is contained in P. This proves (ii). 
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The Lie algebra np equals the direct sum of the root spaces for roots in £(g, a; Po) that do not 
vanish on ap. Since P is a o 0-stable, the Lie algebra np is a o ^-stable as well. This implies that 
a root space g^ for a root (3 G £(g, a) has trivial intersection with np if /3 vanishes on ap fl q. If 
a G S(g, a q ), then g a is the direct sum of the root spaces g^, where (3 G S(g, o) is such that its 
restriction to a q equals a. This proves (Hi). □ 

We write V(a) for the collection of parabolic subgroups P of G with ap = a, and 7 3 cr (aq) 
for the collection of a o 0-stable parabolic subgroups P of G with ap n a q = a q . Note that V(a) 
and V a (aq) consist of the minimal parabolic subgroups containing A and the minimal a o 6>-stable 
parabolic subgroups containing A q , respectively. 

Lemma 1.3. Let P m G V(a) and let Po be a minimal a o 6-stable parabolic subgroup containing 
P m . Then 

npl=n Pm nt ) and N*=N Pm nH. 

Proof. We first note that 

np m n h C n Pm n <r(npj = n Pm n a(n Po (£> r#J. 
As cr(np ) = 6?np and a(n I p m ) C cr([p ) = lp , it follows that 

n Pm nhCn^. 

For the converse inclusion, it suffices to show that np° C h. For this we note that np° is a sum of 
root spaces g a with a G S(g, a). Assume that a G S(g, a) is such that g a occurs in this sum. We 
will show that then g a C np m n h. Since is contained in [p , it centralizes a q . It follows that 
the restriction of a to a q vanishes, hence a* a = a and g a is cr-stable. Therefore g a decomposes 
as a direct sum of vector spaces 

where g^ 1 is the ±l-eigenspace of a. It suffices to show that g^ = {0}. For this, let Y G g^. 
Then Y — 6Y is contained in p n q and centralizes a q . By maximality of a q it follows that Y 
belongs to this space. Since the intersection of a q and #np © np is zero, Y must be zero. This 
establishes the first identity, and we turn to the second. 

Since exp : np m — > Np m is a diffeomorphism, it follows that Np m n H C Np m n G a = 
exp(np m fl h). This implies that Np m n H = exp(np m fl h). The second identity now follows 
from the first. □ 

If P is a cr o ^-stable parabolic subgroup containing A q , then 

L P = (Mp n K)A q (Lp n H) 

Furthermore, if Y, Y G a q and exp(Y) G (M P n K) exp(Y )(L P n if), then y = Ad(fc)y for 
some A; in the normalizer A/M P nxnH(a q ) of a q in Mp nKflF. This decomposition if Lp is 
often called the polar decomposition of Lp. Note that in particular G is a a o ^-stable parabolic 
subgroup and the polar decomposition of G is 

G = KA q H. 

To conclude this section, we describe a generalization of the Iwasawa decomposition. Let Po 
be a minimal a o ^-stable parabolic subgroup. Then the double coset space Po \ G/H is finite. 
Furthermore, the sets PqwH with w G A/}f (a q ) are open subsets of G. In fact, these are all the 
open P x P-orbits in G. The union of these open orbits is dense in G. Finally the map 

N Po xA q x (M Po n K) x Mp Q nKciH H -»• P H 

is a diffeomorphism. 
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1.6 Notation 



We recall that cu) is a possibly unreduced root system. We write a q ; P) for the set 

of positive roots a G S + (g, a q ; P) for which the ±l-eigenspace of a o 9 in the root space Q a is 
non-trivial. We denote by W the Weyl group of the root system a q ). Note that there is a 
natural isomorphism 

W ~N K (a q )/Z K ( a(] ). 

If S is a subgroup of G, then we define W5 to be the subgroup consisting of elements that can be 
realized as Ad(s)| at) for s G Mxnsi^q)- We write W for a set of representatives in Mxi^q) of 
W/Wkhh- The Weyl group of £([p, a q ) equals WnipCiK- We write Wm p for a set of represen- 
tatives inA/jupnxK) for 

WMpnK /WMpnKnH ■ 

We write P for an Ad(G)-invariant, ^-invariant, symmetric, non-degenerate bilinear form on 
such that 

(i) —B{-,9-) is a positive definite inner product on q, 

(ii) t and p are orthogonal with respect to —B(-,9-), 

(hi) the semisimple part of q and the center of q are orthogonal with respect to — P(-, 9-) 
(iv) the restriction of B to the semisimple part of g equals the Killing form. 
For a root a G S(g, a q ), we define H a G a q to be the element given by 

a(Y) = B(H a ,Y) (yea,). (1.4) 

For g G G and P a parabolic subgroup of G we denote the parabolic subgroup g~ l Pg by P 9 . 

If P is a <t o ^-stable parabolic subgroup containing A q , then by a+ (P) we denote the set 
consisting of elements H G o q such that a(P) > for all a G S(g,a q ;P). Furthermore, for 
R G R, we define 

a*(P,P) = {A G a* c : Re X(H a ) < R for all a G S + ( , a q ; P)}. 

Finally if V is a Frechet space and (ir, V) a continuous representation of G on V, then we 
denote the space of smooth vectors for tt by V°°. 

2 Radon transformation on a reductive symmetric space 

In Sections [2. 11 - 12.41 we first introduce for each pair of a o 0-stable parabolic subgroups P and 
Q, with P C Q, a class of closed submanifolds (related to P) of a certain homogeneous space 
Eq (related to Q) and describe the Radon transforms that are obtained by integrating over these 
submanifolds. Then in Section 12.61 some basic estimates are derived. It follows from these esti- 
mates that the Radon transforms, which are initially defined on the space of compactly supported 
smooth functions, extend to larger spaces of functions and distributions defined in Section [231 In 
Section 12771 we describe certain relations between Radon transforms related to different parabolic 
subgroups. Finally, in Section [2791 we derive some properties of the support of the Radon trans- 
form of a function or distribution, in terms of the support of that function or distribution. For this 
we need a few results from convex analysis that we describe in Section 172781 
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2.1 Horospheres 



For a a o 0-stable parabolic subgroup P, we define 

E P = G/{L P C\H)Np. 

Since (Lp H H)Np is closed in P, hence in G, it follows that Hp is a smooth homogeneous 
space for G. Note that G is a a o ^-stable parabolic subgroup of G and 

E G = X. 

The cosets e • H and e • (Lp n H)Np are denoted by xo and £p, respectively. 

Let Po be a minimal a o ^-stable parabolic subgroup of G. A horosphere in X is an orbit 
of a subgroup of G conjugate to Np in X of maximal dimension, i.e., a submanifold of X (see 
Proposition 12.21 ) of the form g±Np g2 ■ xq with dimension equal to the dimension of Np . The set 
of all horospheres in X is denoted by Hor(X). 

According to MRos791 Theorem 13] and [Mal79| the group G equals the union of subsets 
PokH, where k runs over a finite subset of K. This implies that Hor(X) is the union of finitely 
many G-orbits. The dimension of these orbits need not be constant. It follows from the same 
theorem in HRos791 that the set of orbits of maximal dimension is in bijection with W via the map 
w h4 G • (Np w ■ xq) = G ■ (w~ 1 Np^ ■ xq). Here the superscript w denotes conjugation with 
w~ l . 

The stabilizer in G of £p equals (Lp n H)Np . (See Proposition IA.2D Therefore the G- 
orbits in Hor(X) of maximal dimension, i.e., the sets G • £p™ for w 6 W, are parametrized by the 
homogeneous spaces Hp™. 

The double fibration 

G/(L Po nH) (2.1) 




X ^P 

describes the incidence relation between points in X and horospheres in X which are parametrized 
by Hp : a point x is contained in a horosphere parametrized by £ G Hp if and only if 

s €1^(11^(0). 

If H = K, then X is a Riemannian symmetric space. In that case, Pq is a minimal parabolic 
subgroup. If G = KAN is an Iwasawa decomposition for G, then by a suitable conjugation we 
may arrange that Pq = MAN, where M is the centralizer of a in K. Then (12.11 ) reduces to 




G/K = X H = MN 

The Radon transform corresponding to this double fibration is the horospherical transform de- 
scribed in the introduction. 



2.2 Double fibration 

In this and the following sections we will assume that P and Q are <ro#-stable parabolic subgroups 
such that A C P C Q. Then Aq C yip C A Since Lp is a closed subgroup of Lq, whereas 
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Q ~ Lq x Nq, with Lq normalizing Nq, it follows that (Lpfl H)Nq is a closed subgroup of 
G. We recall that E P = G/(L P n P)iVp and Sq = G/{Lq n P)-Nq and consider the following 
generalization of (12.11) . 



G/(L P n P)iV Q 



(2.2) 





In view of the following proposition, this is a double fibration of the form (ll.ll ). 
Proposition 2.1. Le? P,Q be a o 6-stable parabolic subgroups with PCQ. Then 

{L Q n P)iV Q n (L P n P)iV P = (l p n h)n q . 

Proof. As Lp C Lq and Nq C A?p, it follows that the set on the right-hand side of the equality 
is contained in the intersection on the left-hand side. We turn to the converse inclusion. Assume 
that g belongs to the intersection on the left-hand side. Using that N P = N®Nq, that Np C Lq 
and that Lp C Lq we see that g = In for certain elements n G Nq and 

l g (Lq n Lf) n (Lp n H)Np. 

Since P is a o ^-stable, a(Np) = ONp, so that Np has trivial intersection with H. Therefore, 
l£LpDH. □ 

The double fibration (12.21) describes the incidence relations between points in Hq and subsets 
of Eq of the form gNp ■ £q with g G G. Note that for Q = G and P = Lb a minimal a o ^-stable 
parabolic subgroup, (12.21 ) reduces to (12.11) . 

For £ G Hp we define Lp (£ ) to be the subset of Eq given by 



Proposition 2.2. Let g G G. Then 

(i) Ep(g ■ £p) is a closed submanifold ofziQ. 

(ii) The map n ^ gn ■ ^q is a diffeomorphism from Np onto Ep(g ■ £p). 

Proof. Without loss of generality we may assume that g = e. The multiplication map defines a 
surjective submersion K x Q — > G. As K n Q = LT n Mq, this submersion induces a diffeo- 
morphism K xxhMq Q G which is equivariant for the right action of the closed subgroup 
(Lq n H)Nq of Q. Now Q ~ Lq x Nq and Lq normalizes Nq. Therefore, the above diffeomor- 
phism factors through a diffeomorphism K x khMq Lq/Lq HH —> G/ (Lq n H)Nq. It follows 
that the map 



is a diffeomorphism. Hence, i i->- 1 ■ £p is a diffeomorphism from Lq / (Lq n H) onto the closed 
submanifold Lq • £q of Sq. 




# x (Af nx) £q/(£q n P) ^ Hq; (fc, Z ■ (Lq n H)) ^kl-£ Q 



(2.3) 
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Let now Pq be a minimal a o ^-stable parabolic subgroup contained in P. From |Ban86, 
Lemma 3.4] applied to Lq and the minimal a o ^-stable parabolic subgroup Pq n Lq of Lq, it 
follows that the multiplication map 



N% x L Po x (Lpon ^) (L Q C\H)^Lq (2.4) 
is a diffeomorphism onto the open subset (Pq n Lq){Lq n LT) of Lq. Therefore 

is a diffeomorphism onto the open subset (Pq n Lq) • £q of the submanifold Lq ■ £q of Sq. As 
the multiplication map 

N P x Np —7- A« 

is a diffeomorphism, the map Ap 3 n \- > n ■ £q is a diffeomorphism onto Ap ■ £q and this set is 
a submanifold of Lq ■ £q and therefore a submanifold of Sq. Furthermore, it follows that Np ■ £q 
is closed in (Pq n Lq) • £q equipped with the subspace topology. It remains to be shown that 
Nfi ■ £q is closed in Sq. 

Let (nj)j e N» (oj)jeN and (rrij)j^ be sequences in Np , and Mp , respectively, such 
that (njCbjirij ■ £q)jgn converges to a point in the boundary of (Pq n Lq) • £q. Then, in view 
of BBan86[ Lemma 3.4], the set {aj : j £ N} is not relatively compact in ^4 q . It follows that if 
( n i ' £<2)jeN is a sequence in Np ■ £q converging to £ in Sq, then £ cannot be an element of the 
boundary of (Pq n Lq) • £q, hence £ 6 (P Q D Lq) • £q. Since Ap^ • £q is closed in (P n Lq) • £q, 
we conclude that £ G Ap • £q. This proves that Ap • £q is closed in Sq. □ 

Corollary 2.3. The set (Lq n H)Nq(Lp n H)Np equals (Lq n H)Np. The latter is a closed 
submanifold of G. 

Proof. Since Lp C Lq and Aq C Ap, 

(Lq n h)Nq(l p n #)Ap = (Lq n h)n q n p (l p nH) = 

(L Q n H)Np(L P C\H) = (L Q n tf)(Lp D #)A P = (Lq n H)N P . 

The set Np(Lq n Lf) equals the pre-image of Ep(£ P ) under the projection G — > Sq. Since 
Lp(£p) is a closed submanifold according to Proposition 12.21 and G is a fiber bundle over Sq, it 
follows that Np(Lq n Lf ) is a closed submanifold of G. The same holds for its image under the 
map g h-> g -1 , which is (Lq n H)Np. □ 

As a consequence of Corollary 12.31 the double fibration (12.21) satisfies condition (B) of Section 

According to Corollary IA.4I of the appendix, the groups (Lp n H)Np and (Lq n H)Nq are 
transversal. We recall from Section fTTTI that this means in particular that the map 

is injective. 
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2.3 Invariant measures 



Properties (A) and (C) of Section [L2l are satisfied for the double fibration [2.2l if certain invariant 
measures exist. In this section we will prove the existence of such measures. 

Lemma 2.4. Let r be a reductive Lie algebra with Cartan involution 6. Every 9-stable Lie subal- 
gebra oft is reductive. 

Proof. Let s be a ^-stable Lie subalgebra of r. The restriction of the positive definite inner product 
(•,•} = — 5(-,6 l -)tosxsisa positive definite inner product on s. Assume that t is an ideal of 
s, then 5 = i © i as vector spaces. Here the orthocomplement is taken with respect to (•,•}. Let 
X G v 1 and Y G s. Then for every Z G i we have 

([X,Y],Z) = -B([X,Y],6Z) = -B(X, [Y,9Z]) 
= -B(X, 6[6Y, Z]) = (X, [6Y, Z\) = 0. 

For the last equality it was used that [9Y, Z] G i. This shows that [X, Y] G i , and we conclude 
that i is an ideal of s complementary to i. It follows that s is reductive. 

□ 

We retain the notation of the previous sections. In particular, P and Q are ao^-stable parabolic 
subgroups containing A and such that P C Q. 

Proposition 2.5. The group (Lp n H)Nq is unimodular. 

Proof. Let A be the modular function of (L P n H)Nq. Note that 

(L P n h)Nq = (L P nHn k)(l p n h)°n q , 

where (Lp n H)° denotes the identity component of (Lp n H). Since (LpPiH n K) is compact, 
A(kg) = A(g) for all k € L P n H D K and g G (L P n H)°N Q . If n G N Q , then ad(log(n)) is 
upper triangular with respect to the usual basis of (lp n h) © xiq, hence 

A(n) = |det(Ad(n)| ([pnb)eng )| = exp (tr(ad(log(n))| (tpnf))ffinQ )) = 1. 

The group (Lp n -?/) normalizes both l P fl f) and ng. Let / G (Lp n -ff) , then it follows that 
A(0 = |det (Ad(0| [pnb )||det (Ad(0| nQ )|- 

Since (Lp n J?) is reductive, the modular function of this group is trivial, hence the first factor 
in the product is equal to 1. Similarly, the modular function Aq of Q evaluated in I equals 

A Q (Z) = |det (Ad(/)| [Q )||det (Ad(/)| ng )|. 

Again the first factor in the product equals 1, this time by reductivity of Lq. We conclude that 

A(l) = A Q (l). 

If m G Mq, a G Aq and n G Nq, then it is known that Ag(man) = a 2p< ?, where pq is the 
element of given by 

PQ (Y) = hr( a d(Y)\ nQ ), (Y€Oq). (2.5) 

Let m G Mq and a G Aq be such that I = ma. Since both Mq and Aq are c-stable, it 
follows that a G n H. Now Q is a o ^-stable, hence a o 9(pq) = pq and we see that pq = 
on dQ fl h, so that a 2p Q = 1. Therefore, A(Z) = Aq(Z) = 1 and we conclude that (L P n i?)iVQ 
is unimodular. □ 
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Corollary 2.6. 

( i) There exists a non-zero G-invariant Radon measure on G/(Lpf] H)Nq. In particular there 
exists a non-zero G-invariant Radon measure on E p. 

(ii) There exists a non-zero (Lq D H)NQ-invariant Radon measure on 

(Lq n h)Nq/ (Lp n h)Nq. 

(Hi) There exists a non-zero (Lp fl H)N p-invariant Radon measure on 

(Lp n H)Np/ (Lp n H)Nq. 

Proof. By Proposition 12.51 also applied with P = Q, all occurring groups are unimodular. □ 

As a consequence of Corollary I2.6L the double fibration (12.21 ) satisfies properties (A) and (C) 
of Section [L2l 

The groups (Lp n H)Nq, Np and (Lp n H)Np are unimodular (see Proposition 12.51) and 
the multiplication map 

(L P n H)N Q x Np 1 -> (Lp n H)Np 
is a diffeomorphism. Therefore, 

V;(/n • (L P n H)Nq) d {LpnH)NQ (ln) = 



L 



{Lpf\H)N P /{Lpf\H)N Q 

tp(n- (Lp (~l H)Nq) dn 



Nr. 



for every G L 1 ((LpP\H)Np / (LpC}H)Nq) if the measures are suitably normalized. Similarly, 

0(/n • (L P n iJ)iV Q ) d (LpnH)NQ (lr 
<P(l-(L P nH)N Q )dl 



J(L Q n^)iV Q /(Lpn^)Ar Q 



(i nfO/(x P rw) 

for every € L 1 ((Lq n H)Nq/(Lp n H)Nq) if the measures are suitably normalized. 

If ./V is a simply connected subgroup of G with nilpotent Lie algebra n, then the Haar measure 
on ./V is related to the Lebesgue measure on n by 



n)dn = c / <f>(exp(Y)) dY (cp € L 1 (N)) 



N 

for some constant c > 0. Here dY denotes the unit Lebesgue measure of n relative to inner 
product (•,•}. We will choose the normalization of measures on the groups A q and Np always 
such that c = 1. If P, Q and S are parabolic subgroups with P C Q C S, then because of this 
choice for the normalization of the measures 

cp(n)dn= [ [ (P(nn')dn' dn U € L 1 (N^,)) . (2.6) 
N§ Jn® Jns 

Furthermore, we normalize the Haar measure on any compact group such that it is a probabil- 
ity measure. 
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2.4 Radon transforms 



The Radon transforms TZp and Sp for the double fibration (12.21) are given by 




Jn q 



■Q),9 € G) 



(2.7) 




(^6^p),3GG). 



(<!>€®{X),geG), 



(2.8) 



JH/{L P nH) 

If P = Po is a minimal a o ^-stable parabolic subgroup, then 7Z Po is called the horospherical 
transform associated to Pq 

Remark 2.7. In [Kr609 ( Section 2] it is claimed that the set Hor(X) of horospheres in X can 
be given the structure of a connected real analytic manifold. However, the real analytic atlas for 
Hor(X) given there is not an atlas in the proper sense. In fact, each of the finitely many G-orbits 
in Hor(X) serves as the domain for a chart, but it is easily seen that not all of these orbits need to 
have maximal dimension. 

In [Kr609 ( Remark 3.3] it is furthermore claimed that the horospherical transforms Tip™ with 
w G W induce a transform from the space of real analytic vectors for the left regular representa- 
tion of G on L X (X) to the space of real analytic functions on Hor(X). Even if Hor(X) could be 
equipped with a canonical structure of a real analytic manifold, then it is not clear to us why this 
should be true. 

2.5 Spaces of functions and distributions 

From (12.31) and the fact that 

Lp/(L P n H) ~ Mp/(M P C\H)x Ap/(A P n H), 
it follows that there is a unique map 2lp:Hp— ^opROq such that 



where 7r q denotes the orthogonal projection g — > q. Note that the map 2lp is real analytic. 
We define the function Jp : Ep — > R by 

J P = e -2pp°K P 

where pp is defined as in (12.51 ) with P in place of Q. Note that Jq equals the constant function 1 
on X. Let 



2lp(fcman • £p) 



TTq(loga) 



(k G K,m G M P , a G A P , n G N P ) 



L\Ep, J P ) = {0 : E P -> C : 0J P G L\E p )}. 



Endowed with the norm 




(2.9) 



\p, Jp) is a Banach space. 
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Lemma 2.8. For every compact subset C of G, there exists a constant c > such that for every 
g £ C and £ £ Hp 

c-'Mg ■ < J P (0 < cJ P (g ■ 0- (2-10) 

Proof. Let P m £ V(a) be a minimal parabolic subgroup contained in P. Let k £ K, a £ A and 
n € Np m . Note that there exist unique om p £ ifl Mp, a^p 6 Ap such that a = a,M P a-A P - 
Furthermore, there exist unique np £ A?p and n p £ A 7 ^ = Np m n Mp such that n = n p np. 
Hence 

2lp(fcan • £p) = ^lp(kaM P aA P n p np ■ £p) 

= ^.p(k(a Mp n p )aA P np ■ £ P ) = vr q (aA P ). 

We conclude that 

where 7r apnq is the orthogonal projection (with respect to —£?(•, #•)) onto ap n q and %Lkan p is 
the function G — > a given by 

g £ if exp (2li^iV Pm 0)) iVp m (g £ G). (2. 1 1) 

Let ki,k[,k 2 £ K,a\,a 2 £ A and n2 € Ap m . Then, by [Kos73 , Theorem 4.1], 

^KAN Pm (k 1 a 1 k' 1 k2a 2 n 2 ) £%KAN Pm {a\K) + log a 2 

= ch(W(a) • logai) + loga 2 , 

where W(a) denotes the Weyl-group Nk{&)/ Zk{$)- Therefore, if gi,g 2 £ G, 

%KAN Pm (gm) = ch(W(a) ■ ^kak{9x)) + %KAN Prn (92)- 

Here %kak is the map from G to the closed positive Weyl chamber a + (P m ) given by 

g€Kexp(i& KAK (g))K (g £ G). 

For g £ G and £ £ Hp we now find 

2lp(<7-0 = n#)+2lp(£), 



with F(<?) € vr apnac| fch(W^(o) • 21k-ak"G?)) J ■ The estimate (12.101 ) now follows from the obser- 
vation that Y(g) is a locally bounded function of g. □ 

It follows from Lemma [2781 that the space L 1 (Hp, Jp) is invariant under left translation by 
elements of g. Accordingly, we define the representation 7r of G in this space by 

[tt^KO := 0GT 1 • 0, (tt G ^(Hp, Jp), 5 € G). (2.12) 

Proposition 2.9. 77ze representation ir is a continuous Banach-representation. 

Proof. Put V := L 1 (Hp, Jp), and write || • \\y for the norm given in ( 12.91 )- For a compact subset 
C C G, let c > be the constant of Lemma |278~1 Then for all 4> £ V and g £ C we have 



j[ \<l>(9~ 1 -0Jp(0\<% = £ \mJ(g-0\d£<c 
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This shows that each map ir(g) : V — s> V is bounded, and that the family {ir(g)\g G C} is 
equicontinuous. 

We will now show that lim g ^ e tt (g)4> = 4> for each (j) G V. By the above mentioned equicon- 
tinuity, it suffices to do this for a dense subspace of V. We take the dense subspace Vo := C c (£p). 
Then for each (j> G Vq we have by the principle of uniform continuity that n(g)(j) — >■ ^ uniformly 
and with supports in a compact set as g — s- e. This in turn implies that Tr(g)<j) — > in F. 

It now follows by application of the principle of uniform boundedness that tt is a continuous 
representation. By what we proved above, we can also give the following direct argument. 

Let go € G and 4>q G V. We will prove the continuity of the map tt : G x V — > V at (go, 4>o). 
Let e > 0. Then there exists a compact neighborhood C of e in G such that \\ir(g)(f)o — (f>o\\ < e/2 
for g & C. Let M > be such that || vr(^) || < M for all g G C# and let 5 < e/2(M + 1). Then 
for all 5 G Cgo and all <^> G V with ||<£ — <^>o || < S we have: 

\\ir(g)<f> - 7r(£r o )0o|| < h{g){4> - 0o)|| + IKWo - 0o|| + ||^o - 011 
< M<5 + e/2 + <5 < e. 

□ 

Lemma 2.10. Le? P be a a o 6-stable parabolic subgroup containing A. Then with suitably 
normalized measures, we have 

[ H0M0d£= [ [ W-Sp)dL P nHldk 

JSp J K J Lp/(L P C\H) 

for every <f> G L 1 (Hp, Jp). 

Proof. We leave it to the reader to check that all measures that appear in this proof may be nor- 
malized such that the equalities hold. 
If X G L 1 (G), then 

/ x(g)dg= / / x(kp)Ap(p)dpdk 
Jg Jkjp 

= / x(kls)A P (ls)dsd( L pnH)ldk. 

JK JLp/(L P C\H) J{Lpf\H)Np 

Here dp denotes left invariant measure, and Ap the modular function of P. If m G Mp n K, 
a G A q ,h G L P nH and n G N P , then A P (mahn) = a 2pp . Therefore Apis right (L P r\H)N P - 
invariant. Hence 

/ / V (kl^p)A P (l)d (LpnH) ldk ( V £L\Z P )) 

JK J Lp/(L P C\H) 

defines a G-invariant Radon measure on Hp. Note that G-invariant Radon measures on Hp are 
unique up to multiplication by a constant. Therefore, under the assumption that the measure are 
suitably normalized, 

/ H0M0^ = [ [ Ap(l)<p(kl^p)Jp(kl^p)d Lp nHldk. 

JSp J K J L P /(L P nH) 

for every (f> G L 1 (Hp, Jp). 

The pull-back of Jp under the map 

K x Lp/(L P r\H)^E P ; (k,l ■ (L P n H)) ^ kl ■ £ P 
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equals 

K x L P /(L P n H) -> R; (*, Z • (L P n ff)) ^ — 

Hence, 

/ <f>{OMO<% = I I <l>{kl-£p)dL P nHldk. 

J=,p JK JLp/(L P nH) 

□ 

We define $ 1 (E P , Jp) to be the subspace of <?(Hp) consisting of functions that represent a 
smooth vector for the representation n of G on L 1 (Hp, Jp) defined in (12- 12b - We endow this 
space with the Frechet topology induced by the natural bijection 

^ 1 (Ep,J P )^L 1 (E P ,J P r. 

The space S l {X, J G ) is denoted by g\X). (Recall that J G = l x .) 

Proposition 2.11. If cj) G $ (E P , Jp), then (p vanishes at infinity. 

Proof. Let A K be the diagonal in K x K and let 5 = ((K x if) /Ajf) x (L P /(L P n iJ)). The 
map 

$ : 5 -> Hp; ((/vi, fe) • A x , / • {L P n #)) ^ A^ 1 / • £p 

is a surjective, smooth submersion. Since we take the measure of K to be normalized, pullback 
under <I> defines an isometric embedding 

^ :L\~ P ,J P )^L\S). 

by Lemma 12.101 

Let n G N and let v E U(g) be of degree smaller than or equal to n. If k € i^, then Ad(A:)f; 
can be written as a finite sum 

Ad(k)v = Cj(k)uj, 
j 

where the Cj are continuous functions from K to C and the uj form a basis for the subspace of 
U(g) consisting of the elements of order at most n. Since K is compact, the functions Cj are 
bounded. Therefore, if E <f 1 (Sp, Jp), u, i>i £ W(£) and t>2 £ W(lp), then the L 1 (S')-norm of 
(u ® «i ® U2 )<&*</> can be estimated by a constant times 



j 



\ UUj (t>(0\Mdd4. 



This proves that pullback under maps <f (Hp, Jp) to the space $ 1 (S) of smooth represen- 
tatives for elements in L 1 (S') 00 . Note that S is a symmetric space of the Harish-Chandra class. 
According to BKS071 Theorem 3.1] every function tp € d> l {S) vanishes at infinity. Since pull- 
back under maps S 1 (E P , Jp) to S l (S) and $ is a continuous surjection, it follows that every 
function <fi € S l (E P , J P ) vanishes at infinity. □ 

Let L°°(Sp, Jp) be the space of equivalence classes (modulo differences on sets of measure 
0) of measurable functions <f> such that 4>/ Jp is essentially bounded, i.e., 



L^(Ep,J P ) = ^:j-EL^(E 1 



We endow this space with the norm 

6 i — y 



Jp 
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Lemma 2.12. The pairing 

{^,4>) ^ I i><t>dti (2.13) 



-p 



induces an isometric isomorphism L°°(Hp, Jp) — > L 1 (Hp, Jp)'. 

Proof. Since (Hp, d£) is a u-finite measure space, the pairing (12.131 ) induces an isometric isomor- 
phism from L°°(Hp) onto L 1 (Hp) / . (See for example [Fri82, Theorem 4.14.6].) Now use that 
4> 4>Jp defines an isometric isomorphism from L (Hp, Jp) onto L 1 (Hp), whereas tp i-> ip/ Jp 
induces an isometric isomorphism from L°°(Hp, Jp) onto L°°(Hp). □ 

Let Ci,(Sp, Jp) be the space of continuous functions <j) sucn that <j)/ Jp is bounded and let 
<£ft(Hp, Jp) be the space of functions cj) G £ (Hp) such that 

u^»GC 6 (Xp,Jp) («£%)). 

The space (Hp, Jp) is a Frechet space with the topology induced from the obvious set of semi- 
norms. Note that £ b (X, J G ) = 4(X). 

Although the left-regular representation of G on C& (Hp, Jp) is not continuous unless Hp is 
compact (which is a rather uninteresting case), we do have the following result. 

Proposition 2.13. The left regular representation of G on the space Sj)(Sp,Jp) is a smooth 
Frechet representation. 

Proof. We denote the left regular representation of G on (^(Hp, Jp) by ir. Let u G U{q) be of 
order n. Let {u^ : 1 < k < m} be a basis for the subspace of U(q) consisting of elements of order 
at most n. Then there exist continuous functions cu : G — > C such that Ad(g)u = Y?k=i c k{g)uk- 
Let C be a compact subset of G and 4> G <^,(Hp, Jp). By Lemma l2~8~l there exists a constant c > 
such that for every g G C 

sup — — < sup c > — — — 

This implies in particular that ir{g) is continuous for every g G G and every seminorm of ir(g)4> 
is locally uniformly bounded in g. Furthermore, if g = exp(Y) for some element Y G g, then 
again by Lemma [2781 there exists a constant c such that 



K(s)0-<£l ^ 1 

sup < sup — — 

H P JP Hp JP Jo 



-7r(exp(iY))<£ 



dt 



I su 

Jo 3 



, , k(ex P (ty))(y0)| 

< / sup — — ai<csup — — . 

P Jp Hp Jp 



Therefore lim g _ >e n(g)(f) = 4>. We conclude that the assumptions in MWar72[ Proposition 4.1.1.1] 
are satisfied and hence that ir is a continuous representation. 

In order to prove that the representation is smooth, it suffices to show that for every G 
<£f,(Hp, Jp) and Y G g we have 



lim sup — — 

t-yo Sp Jp 



7r(exp(tY))^>-0 



(2.14) 



Since 

72 



/ (* - s)-7-27r(exp(sy))0ds = 7r(exp(tY) )<p-(p- tY(f>, 
Js=o ds 
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it follows that 

1 

sup — 

Hp Jp 



7r(exp(tr))0-^> 
t 



< sup-!- t |^_ 7r (exp(sY))(^| ds 

. /•* t-s \^n{e W (sY))cp\ 

< / sup — — - — — 1 ds. 



Js=0 t Hp Jp 

By Lemma [2781 there exists a constant c such that the latter is smaller than or equal to 

\Y 2 M f l t-s , \Y 2 4>\ t 

c sup — - — / ds = c sup — - — — . 

Hp JP Js=0 t Hp JP 2 

This implies d27l4b . □ 
2.6 Extensions of the Radon transforms 

Recall that for a parabolic subgroup P of G and an element g G G the conjugate parabolic 
subgroup g~ l Pg is denoted by P 9 . Furthermore, recall that Wm p denotes a set of representatives 
for the quotient of the Weyl groups Wm p ciK an d WM P mcnH- (See Section [L"6l ) 

Lemma 2.14. Let Pq G V (T {a^) and let P be a parabolic subgroup containing Pq. Then with a 
suitable normalization of the measure d£ on Hp, 

f <t>(0 J p(O d t= Y] I f I <p(kan-£ P )dndadk 
Jzp weWMp Jk J a, Jn^ 

for all (f) G Iv (Hp, Jp). 

Proof. From iQla87l Theorem 1.2] applied to Lp/(LpP\H) and the minimal (jo#-stable parabolic 
subgroup 



P r\L P = M Po A Po Ng 



of Lp, it follows that 



L P /(L P nH) 

c 



y / / / (f>(mwan ■ £p) dndadm, 

5lf JM Pn r\K JA a JnP 



for some constant c > 0. Using Lemma l2TT0l and the invariance of the measure on if, we obtain 

J if JMp„nK Ja„ Jn? 



-p 

c 



weWm p 



= c y, III 4>{kan ■ £p) dndadk. 
The measure d£ can be normalized such that c = 1. □ 
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From now on we assume that the measure on Hp is normalized such that the identity in Lemma 
[2Jl holds. 

As before, let P and Qbetro ^-stable parabolic subgroups of G with A C P C Q. 
Lemma 2.15. If<fi e L 1 (Eq, Jq), then 

\<l>{gn-£Q)\dn)Jp(g-£p)di LpnH ) Np g< \ \4>(0\ j q(C) 

Proof. Since C Lp C Lq, we can choose the sets of representatives Wm p and Wm q sucn 
that Wm p Q y^Mn ■ Let Pq £ V a (a q ) be a minimal er o ^-stable parabolic subgroup with Po Q P- 
ByLemmaEjH 



\4>(gn ■ £q)| dnjJp{g ■ £ P ) d {LpnH)Np g = 
y / / / / \4>(kannp ■ io)\dnp dndadk = 

y / / / \<ft(kan ■ £q)\ dndadk. 
w£Wmp JkJa « Jn ^ 

Here we used (12.6b - Now we use that Wa/ p ^ Wjvfg and apply Lemma l2. 14l once more, to obtain 
y / / / |<^(fean ■ £q)| dndadk < 

H I f I n \Hkan-£ Q )\dndadk= I \<f>{£)\J Q {Z) d£. 

□ 

Recall the definition of the map 1Z% : S>(Eq) -> <T (Hp) from (12771 

Proposition 2.16. The transform 1Z% defines a continuous map from £F(Eq) to (f 1 (Hp, Jp). 

Proof. The Radon transform 1Z% defines a continuous map from ^(Hq) to L x (Hp, Jp) by Lemma 
I2.15I Due to continuity and equivariance, it is a continuous transform between the spaces of 
smooth vectors for the left-regular representation of G, i.e., it is a continuous map from £P(Hq) 
to L 1 (Hp, Jp) 00 . The proposition now follows from the fact that 1Z% maps elements in @(X) to 
smooth functions. □ 

The image of the injection 

9{Eq)^L\E q ,J q ) 

is dense. Hence, by Lemma l2.15l and Proposition 12. 1 6l there exists a unique continuous transform 

if :L l (Z Q ,J Q )^L 1 (Zp,J P ) 

such that 

9{B Q ) ^^(Ep.Jp) 
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is a commuting diagram. Note that is equivariant and if <j> G L 1 (Hq, Jq), then 

7p <Ks • 60 = / 4>{gn ■ £q) dn 

for almost every g • £p G Hp. Since is an equivariant and continuous transform, it maps 
L^Hq, Jq)°° continuously to L 1 (S P , J P )°°. 

Proposition 2.17. 77ie map 7£p : <^(Hq) — > £ (Hp) a unique continuous linear extension to 
a map 

1l P > :£ l (Z Q ,J Q )^£ l (Zp,Jp) 
Furthermore, if '(f) G <^ (Hq, Jq), then for every g G G 

^pV(<7 ■ fr) = / n <Ms™ • Cq) (2. 15) 

w/f/j absolutely convergent integral. 

Proof. There exists a unique transform 1Z® such that the diagram 

l\e q , j Q r — ^ ^(Hp, jp)°° 



^(Eq^q) ^^(Hp^p) 

is a commuting diagram. This transform clearly is continuous and extends the transform 7Z® : 
@(Eq) — > £ (Hp, Jp). It remains to be shown that the integrals in (12.151 ) are absolutely conver- 
gent and that 1Z® is given by these integrals. 

Let x ^ @{G) and (p G £ 1 (Sq, Jq). Since 7p^ G L^Hp, Jp)°° and since Jp is smooth 
and non-vanishing, the integral 

i>(9 ■ £p) ■= / x{l)Tp g ■ £p) c?7 = / x{9l)Tp (f{~i~ l ■ Cp) d-y 

JG JG 
is absolutely convergent for every o G G. Furthermore, by Fubini, 

i/>(9-€p)= Ax*¥>)(gn-£,Q)dn, 

where % * <-P denotes the convolution of ip with x, i.e., 



G 

By application of Lebesgue's dominated convergence theorem one sees that tp is a smooth function 
on Hp. The function x * <P is an element of (Hq, Jq), hence ip is a smooth representative for 
the smooth vector Tp(x * <p) G L 1 (Hp, Jp) 00 . This implies that ^ = 7£p(x * V 3 )- We conclude 
that the second statement in the proposition holds for functions <f> = x * V w i tn X £ ^(G) and 

ve£ l {Zp,J P ). 

By Proposition |2.9| the left regular representation of G on L 1 (Hq, Jq) is a Banach represen- 
tation. By [DM78, Theoreme 3.3] the space of smooth vectors for this representation equals the 
Garding subspace. This implies that every element of ^ 1 (Hq, Jq) can be written as a finite sum 
of convolutions x * & with X 6 S>{G) and <fi G £ 1 (Hq, Jq). This proves the proposition. □ 



22 



Lemma 2.18. There exists a normalization of the invariant measure on (LqHH) / '(LpPiH) such 
that for every <ft € L x (Eq, Jq) and ip € Cb(Ep, Jp) the integral 



4>(gl ■ tp)<P{g ■ £q) d( LpnH )l d( LQnH )N Q g 

■Eq J (LqCiH) / (L P r\H) 

is absolutely convergent and equal to 

4>{9 ■ £p)4>(g n • £q) dnd (LpnH)Np g. 

--P dl-Sp 

Proof The distributions on G/(L P n H)Nq, for e 3>(G/(L P n iSjiVg) given by 



0(gZ • (L P n H)JVq) d {LpnH) ld {L nH)N g 

Q J(L Q nH)/(L P nH) 
and 

/ / ^(s n ' ( L P n i? ) Ar Q) dnd {LpnH)Np g, 
J-Ep Jn® 

respectively, both define a G-invariant Radon measure on G/(Lp H H)Nq. These measures 
can therefore only differ by a multiplicative positive constant (see for example [ Kna02 , Theorem 
8.36]), and for a suitable normalization for the invariant measure on (Lq n H)/(Lp n H) they 
are equal. Since tp £ Cb(^p, Jp) the function |-^-| is bounded on Hp. Hence, by Lemma 12.151 

Hg ■ ^p)Hg n ■ £q) dnd {LpnH)Np g = 

4>(gn ■ £o)Jp(g ■ ^p) dnd iLpnH)Np g 



P j i\ p 

ip(g ■ fp) 



is absolutely convergent. By the first part of the proof combined with Fubini's Theorem, 

i>(gl ■ fr)<f>(9 ■ £q) df Lp nH)l d< L nH \ N g 

I3 Q J(L Q nH)/(L P nH) 

is absolutely convergent as well and we see that the claimed equality holds. □ 

From now on we assume that the Lq n //-invariant measure on the homogeneous space (Lq n 
H) /(Lp n H) is normalized such that the equality in Lemma [2.181 holds . 

Proposition 2.19. Iftp G <£&(Ep, Jp), then for every g € G the integral 

S?1>(g ■ i Q ) := / ^(gl ■ ^p) d [LpnH) l (2.16) 

J(L Q nH)/(LpnH) 

is absolutely convergent and the associated function Spip : Hq — > C belongs to the space 
£b(E,Q, Jq). Furthermore, the transform 

: 4(Sp, J P ) 4(Hq, Jq) (2.17) 

f/jws obtained, is continuous. 
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Proof. Let r) G 4( S P, Jp) an d X G ^(G). It follows from Lemma [27T81 that the integral (12.161 ) 
is absolutely convergent for almost every g G G and the associated almost everywhere denned 
function g (-)• Spi](g ■ £q) on G is locally integrable. Therefore, for every g £ G, the integral 

X(07) / *7(7 -1 * ' 6p) d( Lp nH)l 

G J {L Q C\H)/{L P C\H) 

is absolutely convergent. Furthermore, the integral depends smoothly on g and by Fubini's Theo- 
rem it is equal to Sp (x * ff)(l ■ £q). Here x*V denotes the convolution product between x an d 7 ?> 
i.e., x * V i s tne function on Hp given by 



Jg 



'G 

This proves that for every x S ^(G) and 77 6 <?&(Hp, Jp) the function Sp (x * rj) is denned by 
absolutely convergent integrals (12.161 ) and is smooth. 

Let ifi G fffe(Hp, Jp). By [DM78, Theoreme 3.3] the space of smooth vectors for the left 
regular representation of G on Cb(Ep, Jp) equals the space of Garding vectors. Therefore ip 
equals a finite sum of convolutions x * V> with X G &{G) and rj G ^(Hp, Jp). We conclude 
from the above argument that Sp ip is a smooth function on Eq denned by absolutely convergent 
integrals (12- 16b - 

From Lemma [2.18l and [2.15l it follows that for every <f> G L 1 (Hq, Jq) 

I \s^(OHO\ <%< sup M / WOI-JoKR. 

./Sq Hp «VP JHq 

Therefore 5p defines a continuous map from <f{,(Ep, Jp) to the dual space of J 1 (Hq, Jq). By 
Lemma [2.12[ this dual space equals L°°(Eq, Jq). The space C&(Eq, Jq) naturally embeds onto a 
closed subspace of L°°(Hq, Jq). As 5p maps ^(Hp, Jp) into C&(Hq, Jq) and is continuous as 
a map from that space into L°°(Eq, Jq), it follows that Sp is continuous as a map ^,(Hp, Jp) — > 
Cf,(EQ, Jq). Since Sp is equivariant and the left regular representation of G on #&(Hp, Jp) is 
smooth, it follows that <Sp is a continuous map #{,(Hp, Jp) — > #&(Hq, Jq). □ 

Note that the transform (12.171) is an extension of the earlier denned transform (12.81) for com- 
pactly supported smooth functions. Thus, the notation is unambiguous. 
Lemma l2.18l has the following corollary. 

Corollary 2.20. If(p G ^(Hq, Jq) a«J ij) G 4(Hp, Jp), f/j<?« 

/ n Q P mmdi= I ms^iQdt. 



Remark 2.21. Let Sp 1 be the adjoint transform of Sp. By Corollary 12.201 the following diagram 

,Jq) — ^^(Ep,J p ) 



'p 

commutes. 

jplf'Zi^ J - \ p - el l-^ 



^(Eq,Jq)^^^(E p ,Jp) 
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This allows to extend the definition (11.31) of the Radon transform IZpp. of a compactly supported 
distribution \i € £"{Eq) to the Radon transform IZpp, of a distribution p, G ^(Eq, Jq). Accord- 
ingly, from now on we will write 7£p for <Sp*. If \x £ ^'(Hq, Jq), then 7£p/i is the distribution 
in <f 6 '(H P , J P ) given by 

K$Hty) = n[S^) (V» € 4(Sp, Jp)) . 



2.7 Relations between Radon transforms 

Let P, Q and 5 be three a o ^-stable parabolic subgroups such that P C Q C 5. 
We now consider the following diagram. 



G/{L P r\H)N s 



G/(L Q n F)iY s 




G/(L P n H)Nq 



Here every map is a canonical projection. This diagram describes four double fibrations of the 
type considered in Section [L2l Only three of these are relevant for our purposes: 



G/(L Q n H)N S 



Gj (Lp n H)Nq 



and 



G/{L P nH)N s 



The Radon transforms for these double fibrations are related to each other in the following 
way. 

Proposition 2.22. 

( i) The Radon transforms of functions 1Z® and TZq compose to a Radon transform of functions 
as follows 

K%oK s Q =n S P : ^(E s , J s ) -> ^(Hp, J P ). 

( ii) The dual Radon transforms of functions Sp and Sq compose to a Radon transform of func- 
tions as follows 

S% o = S S P : 4(Hp, J P ) -► 4(S S , J S ). 

(Hi) The Radon transforms of distributions TZp and TZq compose to a Radon transform of distri- 
butions as follows 

K Q p oK s Q = K s P : 4(E S , J s ) -> <(5p, Jp). 
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Proof. 

( i): The multiplication map 



Np x Nq — >• JV| 



is a diffeomorphism with Jacobian equal to the constant function 1. Therefore the identity follows 
from the definitions and by application of Fubini's Theorem. 

C ii): The continuous linear functional on Qi ( (L5 n H) j(Lp H #)) mapping a function ^ to 

ip(l s lQ ■ {L P n iJ)) df Lp nmh d(L Q nH)ls 

(L s nH)/(L Q nH) J(L Q nH)/(L P nH) 

defines a. L$ Pi H invariant measure on (L$ H H)/{Lp Pi -£f). If the measures are normalized 
such that the equality in Lemma |2. 1 81 holds, as we assumed, then this measure and the invariant 
measure on (Lg n H) j{Lp Pi i7) are equal. This proves the claim. 

(Hi): This is a direct corollary of (ii). □ 
2.8 Some convex geometry 

In this section we prove some results in convex geometry that are needed in the next section. 

Let V be a finite dimensional vector space. If B is a subset of V, we denote the convex hull 
of B by ch(B), i.e., ch(B) is the smallest convex set containing B. We call a subset of V a cone 
if it is closed under the action of the multiplicative group R>o- 

Let S be a subset of V. The function 

H s : V* -)■ RU {±00}; A^supA(x) 

is called the support function of S. Note that the image of Hs contains —00 if and only if S = 0. 
We define 

C s = {\eV* : H S (X) < 00}. (2.18) 

Note that Cg is a convex cone. 

It is a well known result from convex geometry that if 5 is a subset of V, then 



x e ch(5) if and only if A(x) < H S (X) for all A e C S . 

Lemma 2.23. Let B be a non-empty subset of V and let V be a cone in V containing 0. Then the 
following statements hold. 

(i) Hr — H_b < Hp+v < Hr + Hp. 

(ii) Cp + r = Cr Ci Cp = {X £ Cp : X(x) < for every x G T}. 

(Hi) The functions Hp+r and Hp have equal restriction to Cp+r- In particular, 

^r| Cr =0. 

Proof. 

(i): Let A € V*. Then —H-p(X) = inip X. Moreover, for every x G B and y G T 

A(y) + inf A < X(x + y) < A(y) + sup A 
B B 



26 



because B^0. The required estimate at the point A now follows by taking suprema over x G B 
and y G T. 

(ii): By (i) we have Hb+v < + Hb, hence 

Cb n Cr C Ce+r. 

To prove the converse inclusion, let A G Ce+r. From B C B + T we see that Hb{X) < 
#B+r(A), hence A G Cb. If A ^ Cr, then there exists an x G F such that A(x) > 0, hence, 
because T is a cone, 

-£^B+r(A) > sup X(b + rx) = 00. 

6eB,reR>o 

This contradicts the assumption A € Cb+f, and we see that A G Cr- We have now established the 
first equality of (ii). 

Let A G V*. If there exists an element x G T such that A(x) > 0, then, because V is a cone, 

Hr(X) > sup A(ra) = 00. 

r6R>o 

On the other hand, if A| r < 0, then clearly Hr(X) = 0. We thus see that 

C r = {A G V* : X(x) < for every x G V}. 



(Hi): Let A G C^+r- Then by (ii) we have A(x) < for every x G T. Since T is a cone, it follows 
that Hr\ n = 0. Using subsequently (i) and the fact that B C 5 + Y, we find 

Hb+f(X) < (H B + H r )(X) = H B (X) < H B+ r(X)- 

This establishes the equality of the restrictions. The final assertion now follows by taking B = 
{0}. " □ 

Lemma 2.24. Let ^ be a collection of cones T in V containing and let S be a closed convex 
subset of V. 

If C s C [J C r , then S= p| (S + T). 

rev re%f 

Proof Assume that the hypothesis is fulfilled. If V G ft then G T hence S C S + T. It follows 

that s c n re ^(5' + r). 

Conversely, suppose x G n^G'g'('S , + T). Let A G C5. By assumption there exists aT £ f 
such that A G Cr- According to Lemma 12.231 (h). A G Cs+r- Since iGS + T, 

A(x) < H s+r (X). 

By Lemma l2.23l (/n). i^5 + r(A) = Hs{X), hence A(x) < Hs{X). As S 1 is closed and convex, this 
implies that x G S. □ 

2.9 Support of a transformed function or distribution 

Let P and Qbetro 6>-stable parabolic subgroups of G with A C P <Z Q. 

The support of the transform IZp^cf) of a function 4> G f^(Hg) need not be compact in general. 
The aim of the present section is to give a description of the support of a transformed function or 
distribution in terms of the support of that function or distribution. 
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For a subset T of o q ), we define 

r(T) = ^ R> P a . 

Here H a is given by d 1 .4b . We define the cone 

r P = r(E+( fl ,a q ;P)). 

Since G = KL P N P and L P = (L P n K)A q (L P n P), the map 

K x i(| Hp; a) H> fca • £p 

is surjective. In case P = G, this statement is equivalent to X = KA q • xq. 
If 5 is a subset of a q , then we define 

X(B) = K exp(B) ■ xq and E P (B) = Kexp(B) ■ £ P . 

Note that 

X(B) = E G (B). 

We recall from Section [T31 that Po-(a q ) denotes the collection of minimal a o#-stable parabolic 
subgroups containing A. 

Lemma 2.25. Let c € be the collection of Pq G V a (ciq) with Pq C P and let B be a closed and 
convex subset of a q . Then 

B + T P = p| (B + T Po ). 

Proof. There is a one to one correspondence between the minimal cro^-stable parabolic subgroups 
of G contained in P and the minimal a o ^-stable parabolic subgroups of L P : if Pq is a minimal 
a o ^-stable parabolic subgroup of G contained in P, then R = L P n Po is a minimal a o ^-stable 
parabolic subgroup of L P and, vice versa, if R is a minimal a o ^-stable parabolic subgroup of 
Lp, then Po = Zg{&p )NrN p is a minimal cr o ^-stable parabolic subgroup of G contained in 
P. Furthermore, let ^€ be as above, and let c €' be the set of a o (9-stable parabolic subgroups R of 
Lp containing A. Then the map Po ^ Po H Lp is a bijection from ^ onto c €' . If Pq £ and 
P = L P n Po is the corresponding parabolic subgroup of L P , then 

Tp = Tp + Tp ; p, 

where 

rp ; p = r(S+([p,a q ;P)). 

The cone Cr P . R equals the closure of the dual Weyl chamber corresponding to OR, the opposite 
of R. Hence, 

U Ct p;R = a r 

Reg' 

Application of Lemma l2.24l with S = B + T P now yields 

f](B + r Po ) = p| (p + r P + r P; p) = b + r P . 

Poe^ He"*?' 

□ 
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We recall that if KAN is an Iwasawa decomposition for G, then the map %Ikan ■ G — > a is 
given by (12. 111 ). We further recall that WMpnKnH denotes the subgroup of W consisting of all 
elements that can be realized in M P fl K fl H. 



Lemma 2.26. Let B be a WM P nKnH-invariant convex subset of a q and g G G. Then the following 
two assertions are equivalent. 

(i) g^ P e E P (B + r P ) 

(ii) For all P G V a (a^) and P m G V(a) with P m CP C P, 

^ o K KA N Pm {g(L P HH))CB + T Po . 

Proof. Let g G G and write g = k exp Yhn, where k G K, Y 6 a q , h G Lp n H and n G Np. 
Let ^ be defined as in the previous lemma. Let Pq G ^ and let P m be a minimal parabolic 
subgroup of G with A C P m C P . We now observe that by Lemma [T31 

7T q o 2l^AAf Pm (g(Lp n H)) = vr q o %( MpnK ) AN P m ( exp Y • (Lp fl ff)) , (2. 19) 

where 2l(M P nft:)A7V|' : £ P — >■ a is defined as in (12.111 ) for the Iwasawa decomposition 

Lp = (K H Mp)ANp m . (2.20) 

Applying the convexity theorem of Van den Ban ([Ban86, Theorem 1.1]) to Lp, Lp n H and the 
Iwasawa decomposition (12.20b . we obtain from ( 12.191 ) that 

Tr q oVl KANpm (g(L P nH)) =ch(W Mp nKnH-Y) + r(£±([ P , a q ; P n L P )) . (2.21) 

Note that 

WM P r\Kr\H ■ T P = Tp. 

Now assume that (i) holds, then Y G B + Fp. The latter set is WM P nKnH-inv®d&nU so if 
Po, Pm are as in (ii), then it follows from (12.211 ) that 

vr q o %KAN Pm {g(L P nH))CB + T P + r(S±([ P , a q ; P n L P )) C B + T Po , 

and (ii) follows. 

Conversely, assume that (ii) holds. Then it follows from (12.211 ) that Y G B + T Po for all 
Po G "rf . In view of Lemma 12.251 this implies that Y G B + T P , so that (i) follows. □ 

We recall that the map Ep from S P to the power set of Hq is given by 

E% ■ fr) = gN® ■ & (£ G 5 P ). 

Proposition 2.27. Le? B be a WMQnKnH-invafiant convex subset of o q . 77ie?i following 
statements hold. 

(i) Ifg eGandg^ Q £ E Q (B + Tq), {Aen g • £p £ E P (B + T P ). 

(ii) {£ G ~ P : n E Q (B) + 0} C ~ P (P + !». 

29 



Proof, (i): Let g-^Q G Hq(P + Tq). Then assertion (ii) of Lemma l2.26l holds with Q in place of 
P. Since P C Q, every minimal <r o ^-stable parabolic subgroup Po that is contained in P is also 
contained in Q so that assertion (ii) of Lemma l2.26l also holds with P. By the mentioned lemma 
it then follows that g ■ £ P G E P (B + Tp). 

(ii): Assume E^(g ■ £ P ) n Hq(P) 7^ 0. There exists an n G Np such that gn ■ £ Q G E Q (B). 
Therefore there exist A; G K and n G ./Vp such that 

kgn G exp(P)(Lg n H). 

Let P G P CT (a q ) and P m G P(a) be such that P m C P C P. Since L P C L Q , 

7T q o 2lxA7V Pm {g(Lp n P)) = 7r q o 2tiouVp m {kgn(L P n P)) 

C vr q o %KAN Pm ( exp(P)(L Q n H)) . 

The last of these sets is contained in 

VnioMiVg (exp(P)(P Q nP)), 



which is equal to P + T(s1(Iq, a q ; Po D £q)) by the convexity theorem BBan86i Theorem 1.1] 
of Van den Ban. As the latter is contained in B + Tp , the statement now follows by application 
of Lemma l2.261 □ 

The first part of Proposition 12.27 1 has the following corollary. 

Corollary 2.28. Assume that B is a compact WM Q nKnH-i n variant convex subset of and that 
H G &1(Eq,Jq). Then 

supp(/x) C Hq(P + Tq) implies supp(7£p>) C E P (B + T P ). 

In particular, if B C a q is compact, convex and WxnH -invariant and \i G $!{X), then 

supp(/i) C X(B) implies supp(7£p/i) C Ep(B + Tp). 

Proof. Let (f> G ^ 1 (Hq, Jq) and assume that supp(</>) C Eq(B + Tq). Let 5 G G and assume 
that 7£p0 is non-zero at 5 • £p. As 



there exists an n G iVp such that 4>(gn ■ £q) ^ 0. By assumption gn • £q G Eq(B + Tq), 
hence by part (i) of Proposition 12.271 the element g ■ £p = gn • £p is contained in Hp(P + Tp). 
Since P is compact, the set Hp(P + Tp) is closed. Therefore, the support of 7£p0 is contained 
in Hp(P + Tp). We conclude that the following implication holds for every 4> G S (3q, Jq), 

supp(</>) C E Q {B + Tq) supp(ftpV) C Hp(P + r P ). (2.22) 

Let now ^ G <%(Hp, Jp) and assume that supp(^) n 5p(B + Tp) = 0. Then by (12.221 ) and 
Corollary 1X201 
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for all <j> G # x (Hq, J Q ) with supp(</>) C E Q (B+T Q ). Therefore, supp(5?V)nS Q (5+r Q ) = 0. 
We conclude that for all ip G $,(Sp, Jp) the following implication is valid: 

supp(v>)n3p(B + r P ) = supp(5^) nH Q (s + r Q ) = 0. 

Finally, let /i G <%'(Hq, Jq) and assume that supp(/u) C Hq(P + Tq). If ip G <%(Sp, «/p) 
is supported in the complement of Ep(B + Tp), then supp(tSp?/>) is disjoint from Eq(B + Tq), 
hence 

KpVwo = ^(spV) = o. 

Therefore supp(//) is contained in Ep(B + r>). This proves the first statement. 

The second statement is obtained from the first by taking Q equal to G. □ 

The following proposition gives a characterization of the support of the horospherical trans- 
form of a non-negative compactly supported smooth function on X. 

Proposition 2.29. Let Po G V a (a q ) and let B C a q . Then 

{£ G E Po : E Po (0 n X(B) ± 0} = [j E Po (ch(W KnH ■ b) + r(Et( , a,; P ))) ■ 

6GB 

7f G &{X) is non-negative and satisfies supp(0) = X(B), then 

suppiTZpJ) = {£ G 5 Po : Pp (£) n X(P) ^ 0}. (2.23) 

We first prove the following lemma. 

Lemma 2.30. Let Pq G Po-(aq) and let a, b G A q . Then 

KaN Po nKbH^® logaGch(^ nH log6) + r(Sl( ,a q ;Po)). (2.24) 

Proof. Let P m G P(o) be a minimal parabolic subgroup contained in Po- Then, by Lemma [T3l 
iVp m decomposes as Np m = Np Np, where Nh = Np m n H. It follows that the first assertion 
of (I2.24l) is equivalent to 

KaN Pm n KbH ^ 0. 
As Ad H normalizes N Pm , the latter assertion is equivalent to 

Ka(A n H)N Pm n KbH £ 0. (2.25) 

Finally, the assertion (12.25! ) is equivalent to the assertion on the right-hand side of (I2.24I ) by van 
den Ban's convexity theorem [Ban86, Theorem 1.1]. □ 

Proof for Proposition \2.29\ If P m G V(a) is a minimal parabolic subgroup contained in pj, then 

L Po = (M Po nK)AN^ 

is an Iwasawa decomposition for Lp . By Lemma [T31 the subgroup Np° is contained in P, hence 
the map (k, a) \-> ka ■ £p induces a diffeomorphism 

K/K n M Po x A q -> H Po . (2.26) 

Let £ G 5 p . Then we may write £ = ka-£ Po with k £ K and a G A q . Then £p (£) D X (P) / 
is equivalent to the existence of an element Y G B such that KaN Po n iv"exp(l")P 7^ 0. By 
Lemma [2. 301 the latter assertion is equivalent to the existence of an element Y G B such that 

logo G ch(W KnH Y) + r(£±( fl , o,; P )). 
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As (12.261 ) is a diffeomorphism, this assertion is in turn equivalent to the existence of a Y G B 
such that 

ka • £ Po G E Po (ch(W K n H Y) + r(Sl (g, o q ; P ))) • 

This completes the proof of the first statement of Proposition 12.291 

We now turn to the proof of the second assertion. Assume that (p G 2$(X) is as stated. Let 
g G G and assume that 

E Po {g-i Po )nX(B)^%. 

Then there is an n G Np such that gn ■ xq G X{B). 

As the map p : G — > X , g i-t g ■ xo defines a fiber bundle, supp(p*</>) = p _1 (supp 4>), hence 
gn £ supp(»*</>). Since p*4> > it now follows that there exists a sequence (gj)j & ^ in G such 
that <p(gj ■ xo) > and gj — > gn if j — > oo. Note that 

for j — > oo. Since is continuous, for every j G N there exists an open neighborhood Uj of #j in 
G such that ^>(g • xo) > if g G Uj. This implies that 7lp <fi(gj ■ £p ) > and thus we conclude 
that g • £p G supp(7£p </>). This implies that the set on the left-hand side of (12.231 ) is contained in 
the set on the right-hand side. We will finish the proof by establishing the converse inclusion. 
Let g G G and assume 

g-i Po G supp (1Z p (j)) . 

Since g h-> g ■ £ Po defines a fiber bundle G — > Ep we may apply a similar argument as above to 
see that there exists a sequence (gj)j € N in G, converging to g such that for every j G N 

< K Pa <t>(gj ■ Cp ) = / 4>(gjn- £ Po )dn. 
Jn Pq 

In particular, there exists a sequence (nj)j g N in -ZYp such that 

fiigjUj ■ x ) > 0. 

Note that (gjUj ■ xo)jeN is a sequence in the support of 4>, which equals X(B). As this support 
is compact, there exists a convergent subsequence. Without loss of generality we may therefore 
assume that gjUj ■ xq converges to a point go ■ xq G X(B) if j — > oo. Now 

lim uj ■ x = lim g~ X gjUj ■ x = g~ x go • x . 

j—too 3—^00 J 

Using a local section of the bundle p : G — > X around the point g~ 1 go ■ xo, we find that there 
exist hj G H such that 

lim rijhj = g^go- 

According to [Ban86 , Lemma 3.4], if a sequence (mjajrijhj)j^ in G, with nij G Mp , aj G A q , 
rij G Np and hj G i? , converges to a point in the boundary of the open subset PqH of G, then 
{aj : j G N} is not relatively compact in A^. Furthermore, by the same lemma 

N Po x L Po *L Po nH H -> P H; (n, I, h) ^ nlh 

is a diffeomorphism. Applying these results to the sequence (jijhj), we see that it converges to 
a point in Np Lp H n Np H = Np H. We now conclude that there exist n G Np and h *E H 
such that rij — > n and /ij — > /i, for j — >■ oo. Since (tfynj • xq) is a sequence in the compact set 
X(B) it follows that the limit gn ■ xq is contained in X(B) as well. On the other hand, 

gn-x e gN Po ■ x = E Po (g ■ £ Po ), 

and we see that the intersection of Ep (g • £p ) and X(B) is non-empty. □ 
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Remark 2.31. Note that if a q ; Pq) = 0, the Radon transform TZp <p of a compactly sup- 

ported smooth function <\> G 2#{X) is again a compactly supported smooth function. This holds 
in particular if X is a Riemannian symmetric space. 

3 Support theorem for the horospherical transform 

The aim of this chapter is to prove a support theorem for the horospherical transform for functions. 

In Section l3"TT1 we derive Paley-Wiener type estimates for the Fourier transform on a Euclidean 
space for Schwartz functions with a certain type of support. The horospherical transform is re- 
lated to the so-called unnormalized Fourier transform on X. Given the support of the horospher- 
ical transform of a function, the theory from Section 13.11 yields a Paley-Wiener estimate for one 
component of the unnormalized Fourier transform. This is described in Section 13.21 In Section 
13.31 Paley-Wiener estimates for one component of the normalized T-spherical Fourier transform 
are deduced from the estimates for the unnormalized Fourier transform. Then in Section 13.41 
we introduce some subspaces of $ 1 {X) that will be used in the last two sections. For the nor- 
malized r-spherical Fourier transform there exists an inversion formula due to Van den Ban and 
Schlichtkrull, that we describe in Section l331 Finally, in Section 1331 we use the inversion formula 
and the Paley-Wiener estimates to obtain a support theorem for the horospherical transform. 

Throughout this chapter, Pq denotes a minimal a o ^-stable parabolic subgroup containing A. 

3.1 The Euclidean Fourier transform and Paley-Wiener estimates 

Let V be a finite dimensional real vector space equipped with a positive definite inner product. 
Let u G <%{V). For each functional u G V* we define u v := e~ v u. Moreover, we define the 

set 

C{u) := {v G V* : u u G S*(V)}. 

This set is a convex cone in V*. (See 111 lor()3, Section 7.4].) The Fourier transform of u is defined 
to be the function Tu on C(u) + iV* given by 

Ju(A)= ( e- x(x) u(x)dx= I e~ iax) u u {x)dx (A = v + i£ G C(u) + iV*). 
Jv Jv 

Let P(V*) denote the ring of polynomial functions V* — > C. If p G P(V*), we use the 
notation p(d) for the linear partial differential operator with constant coefficients on V determined 
by 

p(d)e v = p(y)e v {y G V*). 

In a similar fashion, we associate to each p G P(V) a differential operator p(d) on V*. 
Since for every homogeneous polynomial p^ G P(V) of degree 1 

(p h {d)u) v = p h (d)u p + p h {v)u u 

is a Schwartz function if u u is Schwartz, we see that 

C(u) C C(p(d)u) 

for every polynomial function p : V* — > C. 

The function £ i-4 Tu(v + i() is a Schwartz function on V* for each v G C(u). Furthermore, 
Tu is holomorphic on the interior of C(u) + iV* (see |Hor03 ( Theorem 7.4.2]) and there 

p(d)Fu = P(x i-> p(—x)u(x)), and F{q(d)u) = qF(u), 

for all p G P(V) and q G P(V*). 
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Lemma 3.1. Let S be a closed convex subset of V and let the cone —Cs C V* be defined as in 
( EH >. Let u G y(V). Then 

supp(u) CS ^ -C S C C(u). 

Proof. Let f G — C5. Then (p(9)e _l/ )l5 is bounded for every polynomial p G P(V*). By 
application of the Leibniz rule we now see that p(d)u v = 0(1 + ||a;||) for all p G P(V*) and 
JV G N. Hence u u is Schwartz. □ 

Proposition 3.2 (Paley -Wiener estimate). Lef S be a closed, convex subset ofV. If u € ^(V) 
with supp(-u) C S, then for every N G N oitm? A G — Cs + iV* 

|.Fu(A)| < 2^11(1 + A) N u\\ L i(l + HAlir^e^-* 6 ^. 

Proof If v G ^(F) satisfies supp(u) C S and A G -Cs + iV*, then 

\Tv{\)\ < f \e- x ^ \ \v(x)\dx < \\v\\ L i e Hs ^' Re ^ 
Jv 

Let N G N. Then 

(1 + \\X\\) N \Tu(X)\ < 2 N (1 + ||A|| 2 ) JV |J-n(A)| = 2 N \T((1 + A) Jv u)(A)|, 
hence, by taking u = (1 + A) N u, we obtain 

(1 + HAH)" |^u(A)| < 2^11(1 + A) N u\\ L i e ^(-Re(A))_ 

□ 

Lemma 3.3. Let B be a compact subset of V and V a cone in V containing 0. For every i/q G 
—Cb+t and for every A G uq — Cb+v 

H B {-\) - H B+r {-v ) < H B+r {-\ + u ) < H B (-X) + H B (yo). 

Proof. Let uq G — C B+ r and suppose Ag^ - C b+ y- Then 

—A G — fo + C B+ r C Ce+r- 

By the triangle inequality for suprema 

#B+r(-A) < H B+v {-\ + i/ ) + iT B+r (-^o), 

hence 

i?B+r(-A) - H b+t (-vq) < H B+r (-X + f )- 
Note that H B+ r(— vq) is finite because — uq G C B +r and H B+ r{— A) = H B (—X) by Lemma 

ESKiii). 

By the same lemma H B+ r(— A + z^o) = H B (—\ + 1/0). Using the triangle inequality for 
suprema, we find 

H B {-\ + vq) < H B (-X) + H B (u ). 
Note that H b (uq) is finite because B is compact. □ 

Lemma 3.4. For all \,vq <E V* we have 

rj^iri ^ ( X + H A + ^oll) < (1 + l|A||)(l + Nil). 
1 + Iroll 
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Proof. The estimate on the right is a straightforward consequence of the triangle inequality. It 
follows that 

(1 + ||A||) = (1 + ||A + u + (-i/o)||) < (1 + ||A + n,||)(l + 
This implies the required estimate on the left. □ 

Proposition 3.5 (Paley-Wiener estimate). Let B be a compact subset of V and let T C V be a 

closed cone. Let v§ G — Cr- Then for every N G N there exists a constant C VOi m > with the 
following property. 

If u is a smooth function on V such that u VQ G ^(V) and supp(-u) C B + T, then for every 
A G i/ - C r + iV*, 

\Tu(X)\ < C V0)N \\(1 + A) N u U0 \\ L1 (l + HAID^e^^W). 

Proof. Let JV G N. Since it„ G ^(V) and supp(u I/Q ) = supp(u) C B + T, it follows by 
application of Proposition [3T2] that 



|Ju(A)| = \Fu V0 {\-v )\ (3.1) 
< 2*||(1 + A) N u U0 \\ L i(l + ||A - ^||)-iV e H S+ r(-Re(A-,o)) 

for all A G f o — Ce+r + iV*. Since — Re(A — vq) G Ce+r, it follows by application of Lemma 
331 that 

H B+r (-Re(X - uq)) < H B (-ReX) + H B {v Q ). (3.2) 
Finally, by application of Lemma [341 we see that 

(1 + ||A - v Q \\y N < (1 + ||A||)-*(1 + \\u \\) N . (3.3) 



Substituting the estimates (13.21) and (13.31) in (13.11 ). we obtain the required estimate with C„ 0: n = 
2 7V (l + ||i/ ||) 7V e^°). ' □ 

Remark 3.6. Proposition 13.51 is part of the following Paley-Wiener Theorem that we state here 
for the sake of completeness. 

Let B be a compact subset ofV and let T C V be a closed cone. Assume that vq G — Cr and that 
v is a function from Vq — Cr + iV* to C. Then the following two statements are equivalent. 

(I) v equals the restriction to vq —Cr+iV* of the Fourier transform Tu of a function u G $(V) 
such that u Vo G £"(V) and supp(u) C5 + T 

(II) The function v is continuous and its restriction to uq + iV* is Schwartz. For every v G — Cr 
and X £ — Cr + iV* the function 

z i— > v(zv + A) 

is holomorphic on {z G C : Rez > 0} and for every N G N there exists a positive 
constant Cjv such that for all A G v§ — Cr + iV* 

\v(X)\ < C N (1 + UAlir^e^-^W). 

For every N there exists a constant C UQt N, depending on uq and N only, such that if (I) holds, 
then (II) holds with Cn smaller than or equal to C„ 0! jv"||(l + A) N u U0 ||^i. 

The proof for the case vq = is similar to the usual proof for the Paley-Wiener theorem 
for $i(y). See for example BRud73[ Theorem 7.22]. For vq ^ the theorem then follows by 
application of Lemmas l3.3l and l3.4l 
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3.2 The unnormalized Fourier transform 

We start with recalling several definitions and results from [Ban88 ], and [BS97b]. 

Let (C>%c) be a unitary representation of Mp in a finite dimensional Hilbert space Ti^ and 
A G a* c . The space £(Pq : ( : A) of smooth vectors for the induced representation Indp o (£ <g) 
e A ® 1) of G (by left-induction) from the representation ( e A ® 1 of Po consists of the smooth 
functions / : G — >• "H^ satisfying 

/(mang) =a A+ ^oC(m)/( 5 ) (m G M Po , a G A Po , n G N Po , g G G). (3.4) 

Here pp is defined as in (12.51) with Po in place of Q. 

We define V(C) to be the formal direct sum of Hilbert spaces 

nO=©v(C,«0, v(t, w ) = n™ (HnMp ° )w ~\ 

wew 

w(Hr\Mp n )w~' 1 , , . _ i 

where 7t^ is the subspace of n iwpjw -fixed vectors in H(. 

Let (Mp )n be the set of equivalence classes of finite dimensional unitary representations 
(C, T~L() of Mp such that V(() ^ {0}. The principal series of representations for X is the series 
of representations Ind^ Q (C <g> e A <g> 1) with A G a* c and ((, H^) G (M Po ) H . 

Let Indp Q (C ® e A <8) 1) be a principal series representation. The space of generalized functions 
G -t satisfying (O is denoted by G~°°(P : ( : A). Following HBan881 Section 5] we 
define the map j(Po ■ C : A), from V(() to the space C~°°(Pq : ( : X) H of P-fixed elements in 
C _00 (Po : C : A) as follows. The sets PqwH, for w G W are disjoint and open in G and their 
union 

fi(P ) = U P ° wF 
is dense in G. For A G a*(Po, 0) — pp the function is given by 



a x+pp o^m)rj w for x = manwh G O(Po) with 

m G M Po , a G vlp,, n G iVp , 5 ^ 
w G W and /i G H 



for x £ n(P ( 



It is known that for A G a*(Po, 0) — pp the function j(Po : C : A) (77) thus defined is continuous, 
see HBan88l Proposition 5.6]. For the remaining A G o* c the map is defined by meromorphic 
continuation. For generic A G a* c , the map j(Po : C : A) is known to be a bijection V(Q — > 
C-°°(Po : C : X) H . See HBan88l Theorem 5.10]. 

Lemma 3.7. Let B be a compact subset ofa q and let ip G <# 1 (Hp , Jp ) be such that 

supp(^) CH Po (P + rp ). 
For k G if, /e? Vfc the function on a q g/verc Zry 

^(y) = V(^ex P (y)-eP ) (Fea,). 

Ifv G a q (Po, 0) f/ierc e^^fe w a Schwartz function for every k G if. 77ze map 

ir-^(a q ); k^e u ip k 

thus defined is continuous. 
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Proof. Let tp be fixed as above. According to Proposition 12.1 II the function utp vanishes at 
infinity for every w G In particular, it follows that each of the functions utp is bounded and 
uniformly continuous on Hp . 

For every u G U(q) there exists a finite set F u C U(q), consisting of linearly independent 
elements, such that Ad(k)u G span(F M ), for all k G K. Write Ad(fc) = YlveF u °u,v{k)v, then 
the c UjV are continuous, hence bounded functions on K. It follows that there exists a constant 
C u > such that 

sup sup \utpk\ = sup sup | (Ad(/c)u) ip(k exp(y) -^p )| 

k&K a q keKY^aq 

= sup sup \c u>v {k) \ \vifj(k expY)| 



Since 



K/(M Po nifnff)xa q ^ H Po ; (/c • (M Po nifnff),7)^^ exp(F) • £ Po 

is a diffeomorphism and supp(^) is contained in + Tp ), the support of ipk is contained in 
5 + Tp . Let € a q (Pq , 0) ; then < on Fp \ {0}. Let p be a polynomial function on a q and let 
u 6 S(a q ). Then by the Leibniz rule there exist finitely many elements Uj 6 S(o q ) (independent 
of k) such that 

sup \pu(e"ip k )\ < sup \pe u Ujip k \ < sup \pe u \S^C Uj < oo. 
oq j iq B+r Po ^ 

This proves that the functions e u tpk are Schwartz functions on a q . 
If /c, /V G K, then 

sup|pu(^fc - ^fe')| < ( sup \pe u \ ) ( V]sup \ujip k ~ Ujipk'l) • 
an v B+r P() ' V ^ a „ / 

Now 

sup lujVfc - < ^ l c «j^( fc )l SU P I ^(WO ~ l l'{ v ^)\- (3-6) 

Here l g (g G G) denotes the left translation 5p — > Ep given by £ h-> g • £. 

The second statement of the proposition now follows since the right-hand side of (13.61 ) con- 
verges to if k — > k' by the uniform continuity of the functions vtp and the boundedness of the 
functions c UjtV : K — > C. □ 

Let Ta« be the (Euclidean) Fourier transform on A q , i.e., the transform mapping a function 
tp G L 1 (A q ) to the function on ia* given by 

■7^(A)= / ^(a)a- x da (A G io*). 
Note that .F* is related to the Fourier transform T a on o q by 
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Proposition 3.8. Let B be a compact subset of a q , letrj G V(C, e) awe? /<?? A € o*(Poi 0) + pp - 
If '(j) G <£p (X) satisfies 

supp(^ Po 0) c s Po (s + r Po ), 

then for every g £ G integral 

(x)j(P :(:-\)(ri)(g-x)dx (3.7) 

« absolutely convergent and equals 

[ T A (a^aP p °KpJ{g- x ma-£pS){\)t{m)ndrn. (3.8) 
JMp nK v 7 

Proof. Let satisfy the above hypotheses. For A as stated, the function j(Jb : £ : — A) (77) is 
continuous. We will first prove the assertions under the assumption that g = e. 

By Proposition 12. 171 and Proposition 12.111 the function 1Zp 4> is an element of <^(Hp ). In 
view of the condition on the support of this Radon transform it now follows by application of 
Lemma [3771 that 

a q 3Y^ e- x{Y)+pp o^TZ P j(kexp{Y) • £ Po ) (3.9) 

is a continuous family (with family parameter k £ K) of functions in the Schwartz space o5^(o q ). 
Therefore, the integral 

/ a^PPoTZp^ik^ma-^da 

is absolutely convergent and depends continuously on m € Mp D IT. Since Mp n if is compact, 
the integral 

/ / a-^PPoTZp^ik^ma-^Cim^dadm (3.10) 

JMp o nK JA q 

is absolutely convergent as well. Clearly, this integral equals (13.81 ). with g = k. 

We will proceed to show that the integral also equals (13.71) . Indeed, substituting the definition 
of the Radon transform in (13.101 ). we see that (13.81) equals the absolutely convergent integral 

/ / / a~ x+pp o(ft(k~ 1 man ■ £p )C(rn)ndndadm (3.11) 

J Mp Q nK J A q J N Pq 

4>(k~ 1 man ■ £p )j(Po ■ C : — X)(rj)(man ■ xq) dndadm. 



M P() nK JA„ JNp Q 

For the last equality we have used that —A € cC(Pq, 0) — pp , so that j(Po : C '■ ~X)(t]) is the 
continuous function given by (13.51) . As 77 G V((, e), this continuous function is suppor ted by the 



closure of the set PqH. As before, we denote w l Potv by Pq. We now recall j6la87l Theorem 
1.2] According to this result, 



ip(x)dx= / / / ip(man ■ xq) dndadm, (3.12) 

Po-xo JMp r\K JA q JNp 

for every ip G C C (X). As the multiplication map 

(M Po n K)/(M Po n K n H) x Aq x N Po -> Pq-xo 

is a diffeomorphism onto the open subset Pq • xq of X, it follows that (13.121) is valid for any 
measurable function ip : X — > C, provided the integral on either one of the two sides of the 
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equation is absolutely convergent; and in that case the integral is absolutely convergent as well. 
Applying this result to (13.1 II) we find that (13.81 ) equals the integral 

4>(x)j(Po : C : -X)(rj)(x) dx. 

Po-%0 

As j(Po : C : — A)(??)(x) is supported by Pq ■ xq, the latter integral equals (13.7I ). This completes 
the proof for g = e. 

Next assume that g = k G K. Then L^tp : x h-> </>(A; _1 • x) satisfies the same conditions as <j>. 
Hence (13.81 ) is absolute convergent and equals the absolute convergent integral 

■ x)j(P : C : -A)(??)(x) dx = f 0(x)j(P o : C : -AJfaX* • x) dx; 
x Jx 

for the last equality we have used invariance of the measure dx. This establishes the result for 
g G K. We now assume that g is an arbitrary element of G. Write g = m g a g ngkg, with 
m g G Mp , a g G Ap , n g G iVp and A; s G if. Then by the transformation properties of j, the 
integral (13.71 ) equals 

a, A+PP °CK) / 0(x)j(P o : C : -A)(r?)(^ • x) dx. 

By what we proved above, this expression equals 

a g X+PP °C(m g ) / TaJu^ a Pp on Po (j)(k~ 1 ma-^p ))(X)C(m)rjdrn. 

JMp nK v ' 

= / PaJcl h-> a^ofcpg^k^ma^a ■ £ Po ))(\)((m g m)r)dm 
JMp„nK v y 

JkJa ^ a pp oKp (f)(kg 1 n g ~ 1 ag 1 rn g ~ 1 ma ■ £p ))(\)((m)ridm. 
Mp nK v 7 

For the last equality we have used that the measures dm and da are left-invariant, that A Po and 
Mp commute, and that Np is normal in Pq and stabilizes £p . We finally observe that the last 
obtained integral equals (13.81) . □ 



Following [BS97b], the unnormalized Fourier transform Fp^(j){C, : A) of a function (f> G &(X) 
is defined to be the element of Hom(V r (C), C~°°(Po : ( : A)) given by 



Jp>(C : X)v ■■ 9 -> / 0(x)i(P O : C : -A)fa)(s ■ s) dx, 
Jx 



(3.13) 



for 7/ G V(C)- This Fourier transform depends meromorphically on A G a q . For A G a* (-Pen 0) + 
pp , the dependence is holomorphic, and the integral in (13.131 ) is absolutely convergent. 

If 4> G cfjjj (X), satisfies 

supp(ft^) cs ?0 (5 + r Po ) 

for some compact subset B of o q , then we define (the first component of) the unnormalized Fourier 
transform J^" e </>(£ : A), for A G a*(Po, 0) + pp , to be the homomorphism V((, e) — >■ <^(Po : 
C : A) given by the absolutely convergent integral (13- 13b . for 77 G V(£, e). 

We note that for G the Radon transform 1Zp 4> has support in a set of the mentioned 

form, by Corollary 12.281 In that case, 

^((:A) = J^((:A)| n(e) , 

forallAGa*(P ,0)+pp . 
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Proposition 3.9. Let B be a compact subset of a q and let V be a cone in a* c generated by a 
compact subset ofa*(Po, 0). For sufficiently large R > there exist for every N G N a constant 
CV > 0, a finite set Fjy C U(q), such that the following holds. For all 4> G S^(X) satisfying 

supp(^ Po 0) C E Po (B + T Po ), 

for all k G K, n G V(£, e) a«ci a// A G T with |[A|| > -R, 

Le? 77 € V(C, e). The function 

K x (a q *(P ,0) + m ) 9 (M) ->7^ >e 0(C : A)i?(fc) (3.14) 
« smooth, and in addition holomorphic in the second variable. 

Proof. Let uq G a*(Po> 0) + pp . Then — Vo+pp G a*(Po> 0), so that by Lemma l3"771 fhe function 

o,3F4 e- ly ° (y) e pp o( y )^p o 0(exp(y) • £ Po ) 

belongs to o5^(o q ) and is supported in P + Tp . We now apply Proposition 13 . 5 1 with Fp in place 
of T, so that — Cr = a* (Pq, 0), and with u = e Pp o7£p <j!>(exp(-) ■ £p ). This gives the existence of 
a constant C VOj jv > 0, for each N G N, such that for all A G + ai(Po, 0) 

^,(a ^ a^on^a ■ fo))(A) < C N (<f>) (1 + e?»W» . 



Here 



Cn^) = C U0 , N \\(1 + A Ai 



a i—T- 



We note that the constant C U0) n is independent of the function <j>. 

For each k £ K, the function Lk<p : x i-> <p(k~^x) satisfies the same hypothesis as <p, so that 
the above estimates apply. In view of the definition of the unnormalized Fourier transform, (13.131) . 
and Proposition 13. 81 we now obtain the estimate 

\\J^ MC : XHk)\\ 



< 



Mp nK 



Mp nK 



■pA q [a a pp °Kp (f)(k 1 ma ■ £p )j{X)C,(m)r) dm 
P Aq (a ^ a^oKp^ik^ma ■ fo)) (A) ||C(m)r?|| dm 



< C N)k (<t>)(l + \\\\\T N e H ^ R *W\\ V \ 



for all k G K and A G v o + a*(Po, 0). For the last inequality we used that ( is unitary and we 
wrote 



J A 



CN{L m -i k 4>)dm. 



Mp nK 



Using Leibniz' rule, the fact that Mp n K centralizes A*, and the fact that the function a pp o p ° 
is bounded on exp(P + Tp ), we infer that there exists a finite subset F' N C S2N(^q), such that 



C 



N,k\ 



u ,N 



E 



ueFL 



u\ a 



, JMp n nK 



< a 



u ,N 



E 



Mp Q nK JA a JN 



4 K Po (L k <f>) (ma ■ £p )J \\ L i^) 
u^Lkrf 1 ) (man ■ xq)\ dndadm. 



dm 
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We now note that n(Lfc^) = L/ c ([Ad(A;) _1 u](^) and that Ad(fc) _1 u is expressible in terms of 
a basis of U2n(q), with coefficients that are continuous, hence bounded, functions of k G K. 
Combining this observation with (13.121 ) we see that there exists a finite subset C U(q) such 
that 

CN,k{<P) < C U0)N ^2 \\ U( P\\l 1 (x)- 
ueF N 

In view of the previous estimates, we now conclude that for all X £ uq + a*(Po, 0) 

||J^XC : X)n(k)\\ < C VOiN Y, \W<f>h H x)(l + \\X\\)- N e H ^' R <^. 

ueF N 

Since T C a* (Pq , 0) is a cone in o* c generated by a compact subset, we have, for sufficiently 
large R > 0, that 

{AST: || A|| > R} Cu + a;(P ,0). 

The first statement now follows. 

We address the second statement. Let U be an open subset of o* c with compact closure in 
a*(Po, 0) + pp . Then it suffices to prove the smoothness and holomorphy of (13.141 ) on K x U . 
Fix A G o*(P , 0) + p Po such that U C a*(P , 0) + A . 

It follows from (13.131 ) and Proposition I3.8l that 

FpleHC ■ A)ry(fe) (3.15) 
^k, (a !->■ aP^TZp^k^ma ■ £, ))W((m)v dm, 

Mp nK 

for all A e PPo + a* (F ,Q). 

Put 5 = B + T Po . Then a*(P ,0) C -C s . We note that y s (A q ) := {ip G ^(A q ) : 
supp(^) C S 1 } is a closed subspace of J?"(Aq). As in the proof of Proposition 13-81 it follows that 
( 13.91 ) is a continuous family in «5*g(vlq), with family parameter k G if. As this also applies to u(f>, 
for every it G it actually follows that (13.91) is a smooth family in S^s{.A„). We now note that 
the Euclidean Fourier transform defines a continuous linear map 

F Aq : y s (A q ) -> O(-Cs) = O(a q *(P ,0)). 

Here 0(— Cs) denotes the space of holomorphic functions on — Cs, equipped with the usual 
Frechet topology. Combining this with the above assertion about smooth families we infer that 

k h-> P Aq (a ^ a pp °- Xo K Po <l)(ka ■ &)) 

is a smooth function on K with values in the Frechet space 0(a*(Po,0)). This in turn implies 
that 

(k, A) ^P A , (a ^ a pp °- Xo Kp <t>{ka ■ £p ))(A) 

= P Aq (a 1 y aP p oK P J(ka ■ £ Po )) (A + A ) 

is smooth on K x o*(Po) 0) and in addition holomorphic in the second variable. As U C Ao + 
0* (Poi 0), this in turn implies that (13.151) is smooth in (A;, A) G K xU and in addition holomorphic 
in A G U. □ 
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3.3 The r-spherical Fourier transform J r p o T 

Let C K be a finite set of If -types. If (ir, V) is a G or K representation, then we write V$ for 
the space of if-finite vectors with isotypes contained in 

Let V T = C(K)&, where the set $ of isotypes is taken with respect to the left-regular rep- 
resentation of K on C(K), and let r = t,q be the representation of K on V T obtained from the 
right-action. We equip V T with the inner product induced from L 2 {K). With respect to this inner 
product, r is unitary. 

As before, let Pq G V a (a q ). In this section we will consider the r-spherical Fourier transform 
J~p r as defined in Section 6 of [BS97b]. Before we can write down the definition of this Fourier 
transform, we need to introduce some notation. 

We denote the restriction of r to Mp n K by tm Pq . Let 0< ^(r) be the formal direct sum of 
Hilbert spaces 

Here 

V(r) tt = C^CMftMMfl, n il)^ 1 : r Mp J 

is the finite dimensional Hilbert space of tm Pq -spherical functions on the symmetric space Mp / w(Mp Q n 
H)w~ l , i.e., the Hilbert space of smooth functions 

f :Mp /w(M Po nH)w- 1 ^V T 

satisfying 

f(k ■ x) = r(k)f(x) (k G M Po P\ K,x £ M Po /w(M Po n H^ 1 ). 

The inner product on 0( &(t) w is induced from the inner product on the space of square integrable 
functions. 

Assume £ G (Mp )#. The space of smooth functions / : K — > ® Vr satisfying 

f(mk k) = (C(m) gir^)- 1 )/^) for k,k e K,m e M Po D K 

is denoted by <f (if : £ : r). Note that evaluation at the identity element induces a linear isomor- 
phism 

/-►/(e), ^(K:C:r)^(^ f ®K) Mp ° ni ". 

Let V(C) be the conjugate vector space of V(C)- Following [BS97b, p. 528], we define a linear 
map 

: C : r) ® F(0 ^ V(r); T ^ Vt 

by 

(^/®fj) w H = (/(e)|CM»fo>>« c (m G M Po /w(M Po n fl> x ), 

for / G <^(K : C : r) and G V(0- Here (-|-)^ c denotes the inner product on This 
inner product is taken to be anti-linear in the second variable. Let 3>(X : r) be the space of 
compactly supported smooth functions / : X —¥ V T satisfying f(k ■ x) = r(k)f(x). We define 
q : ®{X)# -> 9{X : r) by 

s{<l>){x)(k) = (f>{kx). 

This map is a bijection. (See HBS97bl Lemma 5].) 

Restriction to K induces a bijection from ${Pq : £ : \)$ onto S{K : ( : r). Using this 
linear isomorphism and the linear isomorphism V(() — > V(()* (defined via the Hermitian inner 
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product on V(()) we may view -7 r ^>"(0)(C : A) as an element of ${K : £ : r) ® V(C)> for all 
A G o*(PoiO) + pp . It thus makes sense to consider inner products between J^<p(( ■ A) and 

elements in £ (K : ( : r) ® V(C). 

The T-spherical Fourier Transform J r p o r is the linear transform from the space Qi{X : r) 

to the space of meromorphic 0< ?f (r)-valued functions on a* c , defined in MBS97bl (59)]. For 
our purposes, it is sufficient to use the following characterization in terms of the unnormalized 
Fourier transform discussed in the previous section. Let (Mp )h(t) denote the finite collection 
of representations ( £ (Mp )jj such that CU/p nx and t\m p nK have a (Mp n K)-type in 
common. Then the spherical Fourier transform is completely determined by the requirement that 

(Jp o T? (</>)(A)|VW = <J£>(C : X)\(A(P : Pq : C : A)" 1 /) ® V) (3-16) 

for (f> £ ®(X)#, C £ (Mfb)^ (t), / G ^(K : C : r), r/ G V^O and generic A G o* c . Here 

A(P Q : P ;C : A) : <f(P : C : A) -> <T(P : C : A) 

is the so-called standard intertwining operator. It is initially defined for elements A of a* (Pq, —R) 
with R > sufficiently large by the absolutely convergent integral 

A(P Q :P ;(: \)<j>(g) = f_cj>{ng)dn, (0 G £{P : C : A), g G G). 

For the remaining A £ a* c it is defined by meromorphic continuation. In (13.161 ) the topological 
linear isomorphisms 

£{Q : C : A)* -»• <f (if : C : r), 

given by / i-> S^/j^), were used for Q = Pq and Q- = Pq to view ^4(-Po : Pq\ C : A) as an 
endomorphism of the space £{K : ( : r). 

Remark 3.10. To see that the definition for Jy T is in fact equivalent to the defining identity 
llBS97b[ (59)], use subsequently loc. cit. (59), (50) with P and P' replaced by P and P 
respectively, (47) and the identity similar to the one in Proposition 3 for the unnormalized Fourier 
transforms. The last mentioned identity is obtained from the proof of Proposition 3 by using (30) 
instead of (53). 

If G ^pQtf satisfies 

supp(ft Po 0) C E Po (B + T Po ), 

then by definition the unnormalized Fourier transform J 7 ^" e 4>{C, : A) is an element of the space 
Hom(y((, e), £(Pq : C : A)) for A G o* (Po, 0) + pp . In accordance with (13.161 ) we now define 
the (first component of the) spherical Fourier uansform P-p o T e ? (</>)( A) of such a function <fi to be 

the meromorphic 0< ^(r) e -valued function on a*(Po, 0) + pp which is given by 

<^p„,r, e ^)(A)IVW = {^KM ■ >)\{A(Po --Po-.C-- A) -1 /) <S> rj) (3.17) 

for C G (M Po )h(t), /£<?(#: C : t), ry £ V((,e) and generic A G a* q (F Q , 0) + p Po . 
Note that this definition is compatible with (13- 1 6b - If ^ G @(X)#, then 

^Po,r,e^^)(A)=Pr e ^P ,^(^)(A), 

for generic A G o.*(Pq, 0) + p Po . Here pr e denotes the projection 0< t^(t) — > 0< rf (r) e . 
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Let A(Pq : Pq : ( : A) T denote the standard intertwining operator, viewed as an endomor- 
phism of ${K : ( : r). Then it follows from HBan92l Lemma 16.6] that the End(<f(K : ( : r))- 
valued meromorphic function A i-> A{Pq : Po : ( : A)" 1 is of S(g, a q ) -polynomial growth on 
o*(Poi 0). This means that there exists a polynomial function it : a* c — > C, which is a product 
of functions of the form A h- >• (A, a) — c with a G 2(3, a q ) and c G R, such that 

A i y ir(\)A(P :P :(: A); 1 

is a holomorphic End(S'(K : ( : r))— valued function on a*(Po,0) and satisfies a polynomial 
estimate of the form 

\\tt(X)A(P : P : C : A)" 1 )! < C(l + ||A||)" (A G a q *(P : 0)), 

with C > and G N. Here we note that the space End(<f (K : ( : r)) is finite dimensional. 
The following proposition is now a direct corollary of Proposition 13.91 and (13.171) . 

Proposition 3.11. Let B be a compact subset of a q . If ' <p G satisfies 

supp(7e Po 0) C H Po (S + r Po ). (3.18) 

a*(P Q) 0)+p Po V(r) e ; A^7r(A)P Po rie? (0)(A) 

holomorphic. 

Furthermore, let T be any cone in a* c generated by a compact subset of a q (Po, 0). Then 
there exists a constant R > and for every N G N a constant Cm > and a finite subset 
P/v C ^(fl) such that for all (j) G £ l (X)$ satisfying Ii3.18\l the estimate 

iKA)^ 0)T , e ^)(A)ii<cw £ ni^ii^^a+iiAiir^f-^) 

jj valid for all A G T w/?/z ||A|| > P. 
3.4 Function Spaces 

As before, we assume that Po is a minimal a o 0-stable parabolic subgroup containing A. Let 
Y^kdh k £ ^ max i ma i Vl^nH-iiivariant subcone of Fp , i.e., 

w£W KnH 

For a subset S of o q , we define 

S l (X; S) = {<f>€ ^(X) : supp(^) C X(S)}. 
We further define Sp (X) to be the subspace of £ l (X) given by 

4 {x) = y{x)+ (J ^(X;P + r^). 

SCa q 
B compact 

Here 5?{X) denotes the space of rapidly decreasing functions on X, which is the intersection of 
the Harish-Chandra L p -Schwartz spaces tf p (X) for p > 0. (See HBan92l Chapter 17].) 
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Remark 3.12. If X is a Riemannian symmetric space (hence H = K) or X is a Lie group (i.e., 
G = Go x Go for some reductive Lie group Go of the Harish-Chandra class and H = diag(Go)), 
then Wkhh equals the full Weyl group W. In these cases the cone r^ o KnH is the trivial cone {0} 
so that £}, o {X) = y{X) is independent of P . 

We say that a cone T in a finite dimensional real vector space V is finitely generated if there 
exists a finite set {uj k G V : 1 < k < n} such that 

n 

r = ^R> w fe . (3.19) 

k=l 

A cone is said to be polyhedral if it equals the intersection of finitely many closed halfspaces. 
According to [Roc70, Theorem 19.1] every finitely generated cone is polyhedral and, vice versa, 
every polyhedral cone is finitely generated. If F is a finitely generated cone (13- 19b . then Cr equals 
the polyhedral cone 

C r = {A G V* : X(uj k ) < for all 1 < k < n}. 

Therefore Cr is finitely generated as well. 

Note that every finitely generated cone is closed and convex. 

Lemma 3.13. Let V be a finite dimensional real vector space and let n € N. For k G N with 
k < n, let Tk be a finitely generated cone in V and let be a compact subset of V. Then there 
exists a compact subset BofV such that 

n n 

f| {B k + r k ) cb+ (~)r k . 

k=l k=l 

Proof. Fix a positive definite inner product on V. This inner product induces a dual inner product 
on V* in the usual manner. We write To = C\k=i Ffc- 
Since the cones T k are closed and convex, 

T = {x G V : X(x) < for all A G C Tl + • • • C Tn }. 

Hence, Cr equals the closure of Ylk=i ^r fe - As the cones Cr k are finitely generated, so is their 
sum. In particular the sum is closed and we conclude that 

n 

k=l 

We define the continuous functions 

n 

s : C Tl x • • • x C r „ -> Cr ; (A fc )£ =1 ^ ^ X k 

k=l 

and 

k=l 

Note that s is a surjection. Since v is proper and non-negative, v has a minimum on s~ 1 (X). We 
define the function 

Hn : Cr n — > R; A i-> min v. 
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If k, A € Cr , then s 1 (k) + s X (A) Cs 1 (k + A). Since 1/ is subadditive, we deduce that 
Hq(k, + A) < min v < min v + min 1/ = Hq{k] + Hq(X). 

Hence i?o is subadditive. Furthermore, if r > and A € Cr , then s _1 (rA) = rs _1 (A) and thus 
it follows that Hq is positively homogeneous of degree 1. This implies in particular that Hq is a 
convex function on Cr . 

Since Cr is finitely generated, the intersection of Cr with any finitely generated cone is again 
finitely generated. If we fix an orthonormal basis for V, then this is in particular the case for the 
intersection of Cr with any orthant (hyperoctant). Such an intersection is a proper cone in the 
sense that if A is a non-zero element of the cone, then —A is not. We can thus conclude that there 
exists a finite collection {Cj : 1 < j < m} of proper finitely generated cones Cj such that 

m 

c r = IJ Cj. 

3=1 

For 1 < j < m, let {io J k C C 3 ■ : 1 < k < rij} be a finite set such that 

Cj = ^2^>o^l- 

k=l 

Since Cj is a proper closed cone, Cj \ {0} is contained in an open halfspace. This implies that 

Sj : Yl R> uj{ -> Cj; {rk^lT^i ^ ^ r k J k 

k=l k=l 

is a proper map. Therefore, there exist > 0, for 1 < k < rij, such that the intersection of the 
unit sphere with Cj is contained in 

n, 

ch( U[0, r*K). 

k=l 

Since Hq is convex, the supremum of Hq over the intersection of the unit sphere with Cj is by 
[Roc70, Theorem 32.2] smaller than or equal to the supremum of Hq over the sets [0, rk\oJ k . The 
latter is finite because Hq is homogeneous and Hq(loI,) is finite for every 1 < k < rij. Therefore, 
there exists an Rj > such that Hq(\) < Rj || A|| for every A G Cj. Let R be the maximum of the 
Rj. Then 

H (X)<R\\X\\ (AeCr ). 

Let now x G f\(^fc + ^fc)- ^ e wm> use tnat by compactness of each set B^, for 1 < k < n, 
we have Cr k = CB k +v k and Hs k +r k = -f^B fc on the latter set (see Lemma l2.23l (iii)). Let A G Cr ; 
then we may write A = J2k=i with A^ G Cr k , and we see that 

n n 

A(x) = ^A fc (x)<^F Bfc (A fc ). 
fe=i fc=i 

Again, by compactness of the sets , there exists an r > such that Hs k < r|| • || and we finally 
see that 

n 

X(x) < r^||A fe ||. 

k=l 
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This inequality holds for every n-tuple (Xk)k=i e x • • • x Cr n such that s((Afe)^ =1 ) is equal 
to A. Therefore, 

A(x) < rH (X) < rR\\X\\. 

Let B(0, rR) is the closed ball centered at the origin with radius rR. From Lemma l2.23l it follows 
that C B (o ir ij) + r = Cr and the restriction of i?B(o,r-R)+r to ^r equals H B ( rR y The latter 
support function is given by 

H mrR) (\) = rR\\\\\ (A 

We can thus conclude that x E -6(0, ri?) + To. This establishes the desired inclusion with B = 

B(0,rR). □ 

Remark 3.14. The lemma does not hold true if "finitely generated" is replaced by "closed and 
convex". Bart van den Dries showed us the following counterexample. Let 

Ti = {{x, 0, z) G R 3 : < x < z}, 

T 2 = Ux, y, z) G R 3 : < x < z, — < y < x}. 

z 

If B = {(0, y, 0) : -\ < y < ±}, then for every t > 1, 

(t I t 2 )= f(W 2 ) + (o,±,o) 

1 '2' \(t,l,t2) + (0,-|,0) 

is contained in the intersection of B + Ti and P» + T2, but there exists no compact subset B' of 
R 3 such that 

{(t, ^,t 2 ):t>l}QB' + {(0, 0, z) : z > 0} = B> + (I?i n T 2 ). 

When going through the proof for Lemma l3.13l in this particular case, the first serious obstruction 
encountered is that the sum of Cr 1 and Cr 2 is not closed and therefore 

Crinr 2 +Cr 2 . 
Proposition 3.15. <?J> (X) is a G-invariant subspace ofS' (X). 

Proof. Let B C a q be a compact subset. As S^{X) and <p >1 (X) are G-invariant, it suffices to 
show that for every g € G there exists a compact subset B" C a q such that 

g ■ X(B + r^ KnH ) C X(B" + T^ nH ). (3.20) 

As Kg ■ X{B + r^ AnH ) is a i^-invariant subset of X, there exists a unique W^-nH-invariant 
compact subset C C a q such that 

Kg ■ X(B + T^ Q KnH ) = X(C). 

We will finish the proof by showing that C is contained in a set of the form B" + Y^ KnH . 

Let a G A be such that g G KaK. Furthermore, let P m G V(a) be a minimal parabolic 
subgroup contained in Pq and let $Ikan p '■ G — > a be defined as in (12.1 II) . 

Then by the convexity theorem ([Ban86, Theorem 1.1]) of Van den Ban, 

ch(C) + r(£i( , a q ; P )) = ^ ° *KAN Pm {aK exp(B + T™«™)H). 
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The set on the right-hand side equals 

^ (%KAN Pm (atf)) + ^ (%KAN Pm (exp(B + r™"™)H)) . 

If we apply the convexity theorem of Kostant ( HKos731 Theorem 4.1]) to the first and the convexity 
theorem of Van den Ban ([Ban86, Theorem 1.1]) to the second term, we obtain 

ch(C) + r(El( ,a q ;Po)) (3.21) 
= 7r q (»)-loga) +ch(WknH--B) + r^ rnH +r(Et( fl ,a q ;i%)). 

Here W(a) denotes the Weyl-group Nk{o)I '2k (a). Put 

B' = nJch(W(a) • log a)) + ch(W KnH • B) 



and note that each cone on the right-hand side of (13.211) is contained in Tp . Hence, it follows 
from (13.211 ) that 

C C B' + T Po . 
By WKnH-invdfi&nce of C this implies that 

CC p| w(B' + T Po )= fl (B' + Tp*,). 

w£W KnH wGW KnH 

The cones F p» are finitely generated and B' is compact, so that we may complete the proof by 
application of Lemma l3.13l □ 

Remark 3.16. By inspection of the above proof, one readily sees that for every compact subset 
Go C G there exists a compact B" C o q such that (13.201 ) is valid for all g £ Go. 

3.5 Inversion formula 

We continue in the setting of Section [331 Let X + be the union of disjoint open subsets of X 

X + = (J 

wew 

Let 

E + (P : A : •) : X + -> Hom(V (r), V T ) 

be defined by 

E + (P : A : kaw ■ x ) : tp (->■ (A : a)i/j w (e) 

where *p 0>w (A, •) is the End(v/ nMp ° n ™ H ™~ 1 )- valued function on A+(F ) defined in HBS97al 
Section 10]. Let v e a*(P o ,0), with = 1. By |[BS99l Theorem 4.7], 



x) = \W\ f E + (P : A : x)F-p o T ?(0)(A) dA 

Jtu+ia* 



if </> £ x € X + and if i > is sufficiently large. This result can be partially extended to 

the lv~-fmite functions in the larger space Sp (X). 
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Proposition 3.17 (Inversion Formula). If 4> £ £p {X)$ and v £ ai(Po,0), then for k £ K, 
a £ A^(Pq) and sufficiently large t > 



cP(ka ■ x ) = \W\ [ T(k)$p Q e (\ : a) (j^ o T ^(0)(A)(e) 



dA. 



Proof. It suffices to prove the proposition for € ^(AT; B + T^ KnH )^, where £? is a compact 

subset of a,. As ^ X (A"; 5 + T^ KnB )^ n is dense in ^pf ; 5 + rjj^ *)*, there exists a 

sequence (0j)jeN in £ l (X; B + T^ nH ). e n #P0* converging to in g\X; B + T^ A ' nH ) tf . 
According to |BS97a ( Theorem 9.1], the function 

ia* a 3 A i-> *p 0ie (^ + A : a) 

is bounded if i > is sufficiently large. The Paley-Wiener estimate in Proposition 13. 1 1 1 therefore 
implies that, for t > sufficiently large, 



lim 

Jtv+ia* a 



r(k)^p Q e {\ : a)(Vp 0iT>e ?(</> - ^)(A)( e ; 



dA = 0. 



□ 



3.6 A support theorem for the horospherical transform for functions 
Lemma 3.18. Let B be a compact subset ofa q . Then the set 

{Y £ a q : v{Y) + H B {-v) > for all v £ a q *(P ,0) n a^} = ch(5) + r Po . 
Proof. The set ch(B) + Tp is convex and closed. Therefore it equals 

{Y £ a q : X(Y) < H ch{B)+Fpo (A) for all A £ C ch{B)+rpQ }. 

By Lemma l2.23l (ii) the cone C c h(B)+r P() equals Cr PQ , which in turn equals the closure of — a*(Po, 0)n 
a*. Furthermore, by Lemma [2.231 (hi) the support function -£f c h(_B)+r P an d Hch(B) = H B coin- 
cide on that set. We thus obtain that ch(B) + Tp equals 

{Yea,: A(Y) < # B (A) for all A in the closure of - a*(P , 0) n a*}. 

Since B is compact, the function H B is continuous, hence the last equals 

{Y £a q : —X(Y) + H B (X) > for all A £ -a*(F , 0) n a*}. 

This proves the lemma. □ 

We can now prove a preliminary support theorem for the Radon transform lZp associated 
with the minimal a o 0-stable parabolic subgroup Pq £ V a (aq). The proof is based on a Paley- 
Wiener type shift argument. At the end of this section we will sharpen the preliminary result by 
invoking the equivariance of the Radon transform. 

Proposition 3.19. Let B be a convex compact subset of o q and let <fi £ Sp Q {X). If 

supp(R. Po <p) C E Po (B + T Po ), 

then 



supp(^)nA+(Po)-xo c (ex P (B + r Po )nA+(P )) 



Xq. 
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a* such that 



Proof. Because of equivariance and continuity of the Radon transform it suffices to prove the 
claim for iT-finite functions (p. We will therefore assume that 4> is If -finite with isotypes contained 
in a finite subset $ of K. 

Assume thata G A+(P ), but log a ^ B+Tp . By Lemma l3. 18l there exists a v G a*(P ,0)n 

vQoga) + i^io g (s)(-^) < 0. 
According to [BS97a, Theorem 9.1] there exists a constant c > such that 

\\^ 0!e (X:a)\\<ca tv 

for all sufficiently large t > and A G + ia*. The Paley-Wiener estimate for T-p o T 4> (Proposi- 
tion [3JJ]) and the inversion formula (Proposition 13. 171 ) imply that for every integer N there exists 
a constant Cjv > such that for sufficiently large t > 

\<t>{a • a? )I < CV^s^^^)) /" (x + ||A||)— ^ dX. 

Let A?" > dim a q + 1; then by taking the limit for t — > oo we find 

</>(a • xq) = 0. 



□ 



Lemma 3.20. Let S C a q , /e? a G A a«cf fe? <? G KaK. Then 

g ■ Z Po (S) C H Po (ttc, ch(W(a) • log a) + 5 



Proof. Let P m G ^(o) be a minimal parabolic subgroup contained in Pq. By Kostant's convexity 
theorem ([Kos73 ( Theorem 4.1]), 



gK C ifexp (ch(W(a) • loga)jAp m . 

Using that Ap m = Np^N Po and that A/p^ C M Po n H (see LemmaO) we now find that 

g ■ E Po (S) = gKexp(S) ■ t Po C ifexp (ch(W» • log a))iVp m exp(S) • £ Po 
= K exp (ch(W(a) • log a) + s) ■ fa 
= E Po (ir^W (a) -log a) +s). 



□ 



We can now sharpen Proposition 13. 19l bv using the equivariance of the Radon transform. 



Theorem 3.21 (Support theorem for the horospherical transform). Let B be a convex compact 
subset o/Oq and let <fi G Sp Q {X). If 

supp(^ Po 0) C E Po {B + T Po ), 

then 

supp(0) Cl( w(B + T Po )y (3.22) 
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Proof. Assume that 4> satisfies the hypothesis. We will first show that 

supp(0) n A q ■ x C exp(P> + T Pq ) ■ x . (3.23) 

Let Yq G Oq be such that exp Yq G supp(0). Then there exists a Y G o^"(Po) suc h that Yo + y G 
cd"(Po)- By equivariance of 7£p and by application of Lemma l3.20l we find that 

supp(ft Po (Z* xp( _ y) 0)) = exp(y) • supp(7ep o 0) C exp(y) • E Po (B + r Po ) 
CHp (^ch(^(o)-F)+P + r Po ). 
From Propositions 13 . 1 51 and 13. 1 91 it now follows that 

exp(y + Y) ■ x G supp(Z* xp( _ y) </)) n A+(F ) ■ x 

C exp (-Kq ch(W(a) -Y) + B + fp j • xq. 



We conclude that the set 7r q ch(W(a) • 1") + B + Tp contains Yq + 1". On the other hand, since 
^e<(P ), 

vr q ch(W(a)-y) C Y + r Po . 

We thus see that Y + Y €Y + B + T Po , so that y G £ + r> . We have proved (13.231) . 

If k G K, then by equivariance of the Radon transform, the function l* k <\) satisfies the same 
hypotheses as <fi, so that (13.231) is valid with V^tp in place of (p. This implies that 

supp(0) (~l A q ■ x C P| u; • exp(,B + Tp ) • x 

«;eA/ifnH(n q ) 

= exp( P| (P + rp )) -x . 

Invoking the K-equivariance of the Radon transform once more in a similar way, we conclude 
that (T3~52l holds. □ 

Remark 3.22. Let B be a Wxrw-i nvar i ant closed convex subset of a q . If 



c r w KnH = (J Cr p „ (3.24) 

then 

P| 5 + r p c r = 5 + r S A ' nH ( 3 - 25 ) 

by Lemma [2. 241 If W = Wkhh, then (13.241 ) holds. (See Lemma l2.25D In general there exists a 
compact subset B' of a q such that 

B + rf nfl c p| B + r P »cB' + rJ nfl 

(see Lemma [3. 131 ). but if (13.241 ) does not hold, then (13.251 ) is not necessarily true. The following 
is a counterexample. 

Let G be the universal covering group of SL(3, R). Let 8 be a Cartan involution for G and 
G = KAN an Iwasawa decomposition such that G 9 = K. The root system S(g, a) is of type 
Ai- Let a) be a system of positive roots and let a and /3 be the simple roots in that system. 

Then 

X+( ,a) = {a,/3,a + /3}. 
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► 

a + /3 



Let e : S(g, a) — > {±1} be given by 



e(±a) = e(±/3) = -1 and e( ± (a + /3)) = 1. 



Let # e : g — > g be the Lie algebra involution given by 




(Yea) 

(Y eg 7 , 7 GS( ,o)). 



Since G is simply connected, # e lifts to a Lie group involution of G, which we also denote by 9 e . 
Let K e = G 6t and let X = G/K e . We claim that (13.251 ) does not hold for every compact convex 
Weyl-group invariant subset P of a q in this case. 

The group Wkhk^ equals the Weyl group for the root system Y, + (g e ° 0t , a) = {±(a + /?)}. 
The reflection s in a + j3 maps a to — /3 and /3 to —a. Let P be the minimal parabolic subgroup 
of G such that A P = A and S + (g, a; P) = {a, /3, a + /?}. Then P is e o ^-stable and P s = P. 
Therefore, 

v w KnH = Tp n r _ = | | 

Let P be the closed ball in a q with radius r, centered at the origin. The angle between the root 
vectors H a and H a+ p equals the angle between Hp and H a+ p; both are equal to ^. Let tibea 
vector perpendicular to H a+ p and with length r, then a straightforward calculation shows that 



(B + T P ) n (P + Tp) =ch(PU{±2v}). 

In pictures: 
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4 Support theorems 



The support theorem (Theorem l3.21l ) for the horospherical transform for functions can be general- 
ized to a support theorem for the Radon transform IZp corresponding to a (possibly non-minimal) 
a o ^-stable parabolic subgroup P for distributions in a suitable subspace of the distribution space 
$1{X). In Section |4~T1 we describe the spaces of distributions needed to formulate the support 
theorem in Section l4~2l The support theorem implies injectivity of the Radon transform on these 
spaces of distributions. In Section R31 we discuss some implications of this for generalizing the 
support theorem to even larger spaces of distributions. In Section 14.41 some final remarks are 
made. 

Throughout this chapter P is assumed to be a a o 0-stable parabolic subgroup of G containing 

A. 

4.1 Spaces of distributions 

We define the convolution product 9 * (f> of 9 G S>{G) and <p G $b{X) to be the function on X 
given by 

9*</,(x)= [ 9(g)4>(g- 1 ■x)dg (x G X). 
Jg 

Since the left-regular representation of G on the Frechet space £b(X) is continuous, it follows 
from standard representation theory that convolution with a compactly supported smooth function 
9 on G defines a continuous operator from $b{X) to itself. 

For 9 G &{G) we define 9 to be the compactly supported smooth function given by 

9{g) = 9{g- 1 ) (g £ G). 

Since 

(0 *XA} = (x, * 0) {9 G @(G), X G ®(X), 7T G S b (X)) , 

it makes sense to define the convolution product 9 * \i of a function 9 G Qi{G) and a distribution 

fi G <(X) by 

9 * ii{<t>) = n(0 * <f>) (0G4PO). 

Convolution with a compactly supported smooth function 9 on G defines a continuous map from 
the distribution space S^iX) to itself. Note that the distribution 9 * fj,, with 9 G @(G) and 
fi G $l(X), defines a smooth function. 

For ip G <^(Sp, Jp) and 9 G 3>{G) we furthermore define the convolution product 9 * ip to 
be the function on Hp given by 

Jg 

Since the left regular representation of G on the Frechet space ^(Ep, Jp) is continuous, it follows 
again from standard representation theory that convolution by a compactly supported smooth 
function on G defines a continuous map from the space <^,(Hp, Jp) to itself. 

Lemma 4.1. Let 9 G 2>{G), \i G $1{X) and tp G <£&(Ep, Jp), f/ien 

^ P ((9 * = 7e P ^(^ * V)- 
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Proof. We denote the left regular representation on Sb(X) and ^,(Sp, Jp) both by L. Using 
equivariance and continuity of Sp, we obtain 



Kp{6 * = (0 * a»)(5pV) = * (5pV)) = / Oig-^LgSpif) dg 

Jg 

0{g-^)Kpii{L g 1)) dg = K P (i(0 * # 



□ 



Let Tp 7KnH be the maximal Wp n p-invariant subcone of Tp and let S'p(X) be the subspace 
of £\X) given by 



p 

BCa, 
B compact 



For P 6 ^(ttq) these definitions agree with the definitions given in the beginning of Section [3~4] 

Proposition 4.2. Le? ^ denote the (finite) collection of Pq E Po-(<*q) contained in P. Then the 
space S'p(X) equals the intersection 

4(x)= f] 4 (x). 

In particular, Sp(X) is invariant under the left action by G. 

Proof If P e V then T^ KnH C T^ nH , hence £p(X) C <££ (Jf). It follows that ^(X) is 
contained in the given intersection. 

For the remaining inclusion, assume that 

0G (J ^(X;5 + r^) 

-BCaq 
S compact 

for each Po G Then for every such Po there exists a compact subset Pp, of a q such that 

supple X{B Po +T^ H ). 

Let B be a Wppp-invariant compact subset of a q containing the (finite) union of the sets Bp . 
Then 

su PP (0)cx( n (Birj»))a( n n ( B + r ^))- 

P CP PoCPu>6W/ f nff 

In view of Lemma [2T251 applied to P w and ^ it follows that 



su PP (0)cx( p| (B + rp»)). 



According to Lemma 13.131 there exists a compact subset P' of o q such that the support of 4> is 
contained in X(B' + T^ KnH ) and thus we conclude that <j> G <£p(X). 

The last assertion follows from the fact that each of the spaces Sp (X) is G-invariant by 
Proposition 13.151 □ 
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We define 

y P (X) ={/i£ Sl{X) : 9 * fj, G Sp{X) for every 9 G 9(G)}. 

Proposition 4.3. The space i / p(X) is a G-invariant subspace of $l(X). Furthermore, let ^ he 
as in Proposition \4.2\ Then 

r P (x)= p| y Po {x), 

Proof. Let /j, G fp(X) and let g G G. We will prove that 9 * (l* p) G &p(X) for every 
9 G 0(G). To do so, let 9 G 0(G). If G 4(X), then by unimodularity of G 

^(0*0) = /" 9(g- x )l* i<l>dg 
So f fo 



7 l</n ' ' ' J 

IG 

where 9 90 is the compactly supported smooth function on G given by 9 9o (g) = 9(g^ l ggo). Hence 
for every G 



9(go 1 g- 1 g )l*i 1 <l>dg = 9^ * (I* l( j>), 

% 9 % 



* = * 0)) = * a; o -^)) 

= (^* / ,)(r_ 1 0)=/;(^o^)(^. 

Since 0»o G 0(G) and /i G tp(X), we have 9 90 * p £ gp(X). The latter space is G-invariant by 
Proposition 14.21 This proves the first statement of the proposition. 

The second statement is a direct corollary of Proposition 14.21 □ 



We finally define 

Y(X) = {pe £{{X) :9*fi£ &{X) for every 9 G 0(G)}. 
Let Wp be a set of representatives in K for the double cosets in the double quotient Wm p c\K \ 

w/w KnH . 

Proposition 4.4. The space Y(X) equals the intersection 

y(x)= p| y pw (x). (4.i) 

In particular, Y(X) is a G-invariant subspace of S^(X\ 

Proof. It is clear that Y(X) is contained in each of the spaces ~fpw(X). It remains to prove that 
intersection on the right-hand side of (14.11 ) is contained in the left-hand side. To do this it suffices 
to show that if B w is a compact subset of a q for w G Wp, then the intersection 

P| (B w + V^ nH ) (4.2) 

w£W P 

is compact. 

Using that Mp n K normalizes, we obtain 

p p p p r pt „,w = p r P » = {o}. 

weWp w"£W Mp nK weWp w'£W KnH wew 

By Lemma l3.13l the intersection (14.21 ) is compact. This proves the first statement 

The second statement is now a direct corollary of Proposition 14.31 □ 
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Remark 4.5. Note that the spaces g'{X) and S?(X) are contained in both fp{X) and V(X). 
Furthermore, the spaces Yp(X) and Y(X) contain all integrable functions <fi on X that are of 
rapid decay, i.e., the functions cp with the property that if C is a compact subset of G, then for 
every n G N 

sup ||x|| n / \l*<f)(x)\ dg < oo. 
x£X Jc 

Here || ■ || : X — > R denotes the function given by 

||fco-s || = e l|loga " (k G K,a G A,)- 

The subspace of L 1 (X) consisting of the functions with support contained in X(B + Y^ KnH ) for 
some compact subset B of o q , is a subspace of "^p(X) as well. 

4.2 Support theorems 

Theorem 4.6 (Support Theorem). Le? B be a W M P r\Kr\H-i^voriant convex compact subset of o q 
and fef /i G >p(X). // 

supp(^) C Ep{B + F P ), 

then 

supp(At)Cx( p| w.(S + rp)). 

Remark 4.7. Note that if P = Pq is a minimal cr o ^-stable parabolic subgroup, then any subset 
B of dq is Wm p nKnH-i nvar i an t since Mp centralizes a q . 

If P = G, then U P = TZ G equals the identity operator ^g(X) ->■ fb(.X). m this cas e the 
support theorem reduces to the following tautology. Let B be a W/^nH-hivariant convex compact 
subset of dq and let \i G ~fp(X). Then 

supp(^) C X(B) supp(^) C X(5). 

Proof for Theorem \4.6\ First assume that P = Po is a minimal cr o ^-stable parabolic subgroup. 
Let B\j be a closed ball in o centered at and let U be the subset K exp(Bu)K of G. Note that 
U is symmetric in the sense that XJ~ X = U. Let 9 G ^(G) and assume that supp(#) C U. If 
tp G ^(Hp ) satisfies 

SU pp(V')nc/-Hp o (s + rp o ) = 0, 

then the support of # * -0 does not intersect S p (B + Tp ) and thus we find 

7e Po (0*^)(v) = ft Po ^*v) = °- 

As this holds for all tp as above, 

supp(^ Po (0 *(J,))QU- E Po (B + T Po ). 

(Here we used that U is compact, so that the set on the right-hand side is closed.) Let P m G V(a) 
be a minimal parabolic subgroup contained in Pq and let QLkan p be the map G — > a as defined 
in (12 -lib . By Kostant's convexity theorem ([Kos73, Theorem 4.1]), 

%KAN Pm {eMBu)K) = Bu. 
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Using that Np m is contained in (Lp n H)Np (see Lemma [T31) . we now find that 

U ■ E Po (B + T Po ) = K exp(Bu)K exp (B + r Po ) • £ Po 
= KeMBu + B + T Po ) -Z Po 
= Ep ((B u na q ) + B + T Po ). 

Note that (By Pi a q ) + B is a compact convex subset of a q , hence Theorem 13 .2 II can be applied 
and thus we conclude that 

supp(0*/i) cx( p| «;-((%na,) + B + rp ; )). 

w£W KnH 

For each j £ N, let Bj be the ball of radius l/j and center in o and let Uj = K exp(Bj)K. Let 
(Oj G ^(G))j g N be a sequence such that 

supp(6*j) C C/j- 

and 9j — > 5 in S"(G) (with respect to the weak topology) for j — > oo. Since convolution is 
sequentially continuous with respect to each variable separately, the sequence 9j * \i converges to 
[i in &(X) (with respect to the weak topology) for j — > oo. Therefore 

su P p(m)cx( p| w .((B^.no,) + B + r Po )) 

for every j G N, and we conclude that 

supp(»cx( p| w(B + TpS). (4-3) 

This proves the theorem for minimal a o ^-stable parabolic subgroups P = Po- 

We now assume P to be an arbitrary cro#-stable parabolic subgroup. Let \i G Yp(X). Assume 
the support of IZp/j, is contained in Ep(B+Fp). Let ^be the set of minimal ero^-stable parabolic 
subgroups Pq G V a (ciq) contained in P. Let Pq G ^. Proposition 14.31 implies that /i G Yp {X) 
and from Corollary 12. 28 1 and Proposition 12. 22 1 it follows that the support of TZp fJ- is contained in 
Ep (B + Fp ) . The previous result for minimal a o ^-stable parabolic subgroups implies that (14.31 ) 
holds. Since this is true for each Pq G c € , it follows that 

supp0u)cx( p P w(B + T Po )) 

The theorem now follows by application of Lemma l2.25l □ 

Remark 4.8. With essentially the same proof, it is seen that the support theorem can be general- 
ized to distributions /j, G &l(X) for which there exist a sequence {Oj G S>{G))j^i such that 

(i) supp(#j) is contained in Bj 

(ii) Oj — > S in &'{G) for j — > oo (with respect to the weak topology), 
(hi) Oj */z G <?i>(X). 

It is not clear to us whether the subset of these distributions forms a subspace of S^{X), nor are 
we certain that the set of these distributions is actually strictly larger than yp{X). 
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Corollary 4.9. Let fi G r V{X), let B be a W -invariant convex compact subset of a q and let 
g G G. Then the following statements are equivalent. 

(i) supp(7£p™ fi) C g • Epw (B + Tpw)for every w G Wp. 

(hJ supp(//) C g ■ X(B). 

Proof. 

(i) ^(ii): If supp(TZpw /j.) is contained in g ■ Epw(B + Fpw), then supp(7£p™ (/*^)) is contained 
in Epm(B + Tpw), hence 

supp^/x) Cl( p| (B + T pww , )) 
by Theorem l4.61 Since this holds for all w G Wp, it follows that supp(/*//) is contained in 

x { n n ( s + r p»»'))- 

Since P is stable under Wm p ciK, it follows that the last equals 

x( p (s + rp»)). 

According to Proposition I2.24l the latter set equals X(B). We thus obtain 

supp(/x) C g ■ X(B). 

(ii) ^(i): This is a consequence of Corollary 12.281 □ 

If X is a Riemannian symmetric space (hence H = K) and P = Pq is a minimal parabolic 
subgroup, Theorem 14.61 reduces to the support theorem BHel73[ Lemma 8.1] of Helgason for 
the horospherical transform on X. (See also Theorem 1.1, Corollary 1.2 and the subsequent 
Remark in chapter IV of [Hel94].) The support theorem can in this case be described in a purely 
geometrical setting as follows. 

Suppose X is a Riemannian symmetric space. A horosphere in X is a closed submanifold of 
X by Proposition 12.21 Therefore the Riemannian structure on X induces a Riemannian structure 
and thus a measure on every horosphere. Let 1Z be the transform mapping a function <p £ ^{X) 
to the function on the set Hor(X) of horospheres in X 

K<t>:£^ / <f>(x) dx. 

In this case Hor(X) is in bijection with Ep Q where Pq is a minimal parabolic subgroup of the 
identity component G of the isometry group of X. In this way Hor(X) can be given the structure 
of a G-manifold. Let x G X. Using the Iwasawa decomposition for G, it is easily seen that the 
stabilizer G x of x in G (i.e., the isotropy group of G at x) acts transitively on the set of horospheres 
containing x. Therefore this set carries a unique normalized G^-invariant measure d£. The dual 
transform of 1Z is the transform S mapping a function ip G $ (X) to 

Sip : x h-> / d£. 

The Radon transform 1Z is defined on Y(X) to be the transpose of S. Let d(-, •) be the distance- 
function on X. For x G X and R > we define Pr{x) = {£, G Hor(X) : < i?} and 

S fl (x) = {a/ G X : d{x', x) < R}. 
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Corollary 4.10 (Riemannian case; IHM94I Ch. IV, Corollary 1.2]). Let fj, G V (X), x G X and 
R>0. If 

supp(^) C /3 R (x), 

then 

supp(^) C B R {x). 

Proof. Every closed ball in X = G/K is of the form g ■ X(B), where g is an element of G 
and B is a closed ball in o. The statement is therefore a direct corollary of Proposition 12.291 and 
Corollary @21 □ 

4.3 Injectivity 

Theorem l4.6l has the following corollary. 
Theorem 4.11. The Radon transform 

Up : V P {X) -+ 4(E P , J P ) 

is injective. 

Remark 4.12. In [Kro09 ( Theorem 5.5] it is claimed that the horospherical transform is injec- 
tive on a certain subspace of y(X). The proof for this theorem relies in an essential way on 
the assumption that Hor(X) admits the structure of an analytic manifold and the horospherical 
transforms Hp™ for w G W together induce a transform 1Z on Hor(X) with the property that the 
transform 71(f) of a real analytic vector 4> for the left-regular representation of G on L 1 (X) is a real 
analytic function on Hor(X). As stated in Remark [2771 we believe that there are some problems 
with this kind of reasoning. 

A natural question is whether Theorem l4.6l can be generalized to a support theorem for a larger 
subspace of @'(X). If so, the Radon transform Tip would be injective on that larger subspace as 
well. We will now show that the support theorem does not hold in general on the Harish-Chandra 
Schwartz spaces ^(X) for < p < 1. 

We will use the notations introduced in Chapter[3] Let Pq G V a (a q ) and let < p < 1. 

Lemma 4.13. Let ( G (M Po ) H and let 1 < c < | - 1 and r? G V((). If (f> G ^ P {X) then for 
every g G G and A G cpp + ia* the integral 

f cf>(x)j(P :(:-\)(ri)(g-x)dx 
Jx 

is absolutely convergent. Iff] G ^(C> e )> then the integral is equal to 

[ TAja^a^oKpJig^ma-tp^Wam^dm. (4.4) 
JMp nK v 7 

Proof. Since ^(X) is G-invariant, it suffices to prove the claim for g = e. 
Let A be as in the lemma. Let P m G V(a) be contained in Pq. If 

kah = ma nwh 

where k G K,a,a' G A q , h,h' G H,m G M Po n K, w G W and n' G N Po , then 

w • log (a') = 7T q o 2lxAATp™ (ahti^ 1 ). 
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The last is contained in ch(WKnH ■ log(a)) +Tpw by the convexity theorem ([Ban86, Theorem 
1.1]) of Van den Ban. Hence 

log(o') Ech(W-log(o)) +r Po 

and therefore 



We define the function 



J:A,^R> ; Yl \a a - a- a \ m ° (a a + a- a ) m « , 

aeS+( B ,o q ;P ) 

where is the dimension of the ±l-eigenspace for a a in g a . Since A € a*(Po) 0) + pp , it 
follows by HBan881 Proposition 5.6] that j(P : ( : A) is continuous. In view of BSch841 p. 149], 
there exists a normalization of the measure on X such that 

x)j(P :(:-\)( V )(x)\\dx 

\\(p((ka ■ x ))j(P : C : -X)(rj)((ka ■ x ))\\J(a) dadk 



x 



K JA q 

< \4>(ka ■ x )\J(a) max(waw _1 ) (1_c)pp o dadk. 

Jk JA q w£W 

Following Harish-Chandra, we use the notation E for the elementary spherical function on G 
with spectral parameter 0, and we put 



: X — > R >0 ; x H> J E(xa(x)~ x ). 
By IIBan921 Theorem 17.1] there exists a constant C > such that 

\<f>\ < cel. 

Furthermore, by [Ban92, Corollary 17.6] it follows that for sufficiently small e > there exists a 
constant C e > such that 

J (a) < C e e(ka ■ x )- 2 - e . 
We infer that there exists a constant C e > such that 



x)j(P :(:-\)(v)(x)\\dx 



x 



< C e ep~ 2 ~ e (ka-x ) max (trouT 1 )^ 1 "^ dadk 

JK JA q weW KnH 

< C e \W\ [ Gi" 2 " e (a- x )a~ {1 - c)pp o da. 

Ja+{p ) 

By MBan921 Corollary 17.6], for every 5 > there exists a constant c$ > such that 

Q(a ■ x ) < csa^ 5 - 1 ^ (aeA+(P )), 

hence for e < - — 1 — c the last integral is convergent. 

The claimed equality follows from equation (13 - 12b - □ 
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Let d be a finite subset of K and put r = t$. For x £ X and A G a* c , let £p ( • : A : x) 
denote the (unnormalized) r-spherical Eisenstein integral defined in [BS97b, Section 2], i.e., the 
element of Hom( 0< ^'(r), F T ) given by 



SftCV/w, : A : x)(k) = / (f(l)(k),j(P : ( : X)( V )(l ■ x)) dl 



K 



for C G (M ?0 ) ff , / G : C : r), r/ € F(C) and x £ X. 

Using the if-invariance of the measure on X, we obtain the following immediate corollary of 
Lemma l413l 



Corollary 4.14. Let ( G (M Po ) H , let rj G V(() and let f G C(K : ( : r). Furthermore, 
let 1 < c < - — 1. 77je« f/ze T-spherical Eisenstein integral Ep (tpf^, v : ■ : x) is regular on 
cpp + ia*. Moreover, for every 4> G ^(X)^ the integral 



s((j>)(x)(k) E Po {ij)f m : -A : x){k) dkdx 



<X JK 

is absolutely convergent for every x G X and equals 



(x)(j(P :(:-\)(ri)(x),f)dx. 

For x G X and A G a q ,c, let £~ (• : —A : x) be the normalized r-spherical Eisenstein 

integral for the minimal a o ^-stable parabolic subgroup Pq defined in [BS97b ( Section 5], i.e., 
the element of Hom( 0< ^(r), V T ) given by 

Ep-^fm : A : x) = E Po (^ A(Po . Po . ( ._ xyl f ^ q : A : x). (4.5) 

For r G R we define C r (X, r) to be the space of continuous functions f : X —> V T satisfying 
the identity 

f(k ■ x) = r(k)f(x) (keK) 

and the estimate 

sup e- r l losa l|/(fca-x )| < oc. 

keK,aeA q 

Let R G R be such that pp G a*(-Po> -R) an d let a; be a connected and bounded open subset of 
a*(F , R) containing both and p Po . Let E Pq (X : x)* be the dual of E*p o ( • : —A : x). Then, 
according to [BS99, Lemma 12.2] there exists an r G R such that the 0< ?f (-revalued integral 

E Po (-X:x)*f(x)dx (4.6) 

x 

is absolutely convergent for every / G C r (X : r) and generic A G ui + ia*, and (14.61 ) depends 
meromorphically on A in that region. Following [BS99, Section 12] we define the (normalized) r- 
spherical Fourier transform J 7 -^ r /(A) of afunction / G C r (X : r) for generic A G w + ia* given 
by (14.6b - This definition coincides with the definition for compactly supported smooth functions 
4> given in Section [331 

If < p < 1 is sufficiently small, then ? maps into C r (X : r). Fix such a p. 

Proposition 4.15. Let cp G tf p (X)#. Then 

pr e J r p 0jT ?(^) | - a , = if and only if K Po <p = 0. 
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Proof. Fix a 1 < c < | — 1 such that cpp a + ia* C ui + ia* and 

{AiPo-.Po-.C-.X)- 1 ■ ^^c PPo +ia;} 

is a regular family of bijective operators. As the r-spherical Fourier transform F-p T 4>(\) of 
4> depends meromorphicaily on A, it follow that the restriction to ia* of the first component of 
J~p T 4> vanishes if and only if it vanishes on cpp + ia*. From (14.51 ) and Corollary 14. 14l it follows 

that the latter is the case if and only if (14.41 ) vanishes for every g 6 G, A 6 aj c , ( 6 (Mp )h 
and 7] G V{Q,e). We will now show that the last is equivalent to lZp <ft = 0. For this we 
observe that (14.41) is basically equal to the Fourier transform on the compact homogeneous space 
Mp 1 (Mp n H) applied to the Euclidean Fourier transform on A q of the horospherical transform 

of (f). 

For fixed A G cp Po + ia*, the function (M Po n K)/(M Po n K n H) -> C; 

m ■ {M Po n K C\ H) ^ Ta^Aq 3 a ^ a^^^ma • £p )) (A) 

is continuous and hence square integrable. Let P m G 'P(o) be a minimal parabolic subgroup 
contained in P m . The Iwasawa decomposition of Mp equals 

M Po = {M Po n K)(M Po n A)(N Pm n ff) 

and (Mp n A) is contained in yl n ii, the pull-back along the equivariant diffeomorphism 

(M Po n if)/(Mp n k n ff) M P J(M Po n if); 
m • (m Po n if n J?) (->• m • (m Po n if) 

defines an isometric isomorphism (if the measures are suitably normalized) between the Hilbert 
spaces L 2 (M P J(Mp Q n H)) and L 2 ((M Po n K)/(M Po Dif H if)). According to the Plancherel 
theorem for compact homogeneous spaces, the last vector space decomposes as a direct sum of 
finite dimensional irreducible Mp n if -subspaces and hence the same holds for the first. Since 
mp n p is contained in h, the elements exp(Y), with Y G mp n p, act trivially on each of these 
subspaces, which are therefore in fact irreducible Mp -subspaces. The corresponding Fourier 
transform on L 2 (M Po /(M Po n H)) is injective as the one on (M Pq n K)/(M Po n K n -ff) is 
injective. Furthermore, the Euclidean Fourier transform J r ^ q is injective on cpp + io*. It now 
follows that 1Zp 4> = if and only if the restriction of pr e J r -p T 4> to ia* vanishes. □ 

By the Plancherel decomposition ([Del98, Theoreme 3] and BBS051 Theorem 23.1]) the kernel 
of J r p o T is non-trivial if and only if there are discrete series or intermediate series of represen- 
tations present. If this kernel has a non-trivial intersection with ^ P (X)^, then the kernel of 7*!,p 
in ^(X) is non-trivial and the support theorem cannot hold on this space. The estimates in the 
proof of [FJ80, Theorem 4.8] together with [Ban87, Theorem 7.3] show that this is in particular 
the case if the rank condition 

rsmk(G/H) = rank(if/(if n H)) (4.7) 

is satisfied, because in that case there exists a finite subset ■d of K such that the subspace of 
^(X)^ corresponding to the discrete series of representations is non-trivial. We thus obtain the 
following proposition. 

Proposition 4.16. Let < p < 1. Assume that (14. 71 ) holds. Then the horospherical transform TZp 
is not injective on ^(X) and the support theorem for the horospherical transform for functions 
(Theorem \3.21\) is not valid with <§p (X) replaced by C € V {X'). 
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A similar result, but with a different proof, can be found in [Kro09 ( Theorems 4.1 and 4.2]. 

Finally, we note that Theorem 14.1 II and Proposition 14.151 imply that pr e P-p o T is injective 
on S?(X)$. However, the following stronger result already follows from the inversion formula 
(Theorem [347]), together with (13471) and the equivariance of e . 

Theorem 4.17. Assume that Pq is a minimal a o -stable parabolic subgroup, ■& is a finite subset 
of K -types and r = t$. Then the map 

is injective. 

This theorem might be a consequence of the symmetry relations between the components of 
the Fourier transform. (See [BS97c, Section 16].) It is however not clear to us how to prove this 
result using only those symmetries. 

4.4 Further remarks 

Theorem 14.61 partially generalizes [Qui93, Theorem 4.1] and [GQ94, Theorem 4.1] to a larger 
class of distributions and to non-Riemannian reductive symmetric spaces. However, given the 
support of the Radon transform of a compactly supported distribution, the micro-local techniques 
used by Gonzales and Quinto allow to give more precise statements about the support of that 
distribution. It is essential for their arguments that Sp o TZ P is defined on the space of functions 
or distributions under consideration. In the setting of a non-Riemannian symmetric space, Sp o 
Hp is in general not defined on the space of compactly supported smooth functions. Therefore, 
the methods described in those articles cannot straightforwardly be applied to non-Riemannian 
symmetric spaces. 

Appendix: Trans versality 

In this appendix we show that the subgroups (Lq n H)Nq and (Lp n H)Np of G, that play an 
important role in the double fibration (12.2I ). are transversal. 

Throughout this appendix we assume that P and Q are a o ^-stable parabolic subgroups such 
that ACPCQ. Then a Q C a P C a. 

Lemma A.l. 

AWffO n q) = NkdhUp) = Mkhh^p) = J^KnH(ap n a q ) 
Proof. We will first show that 

2 s (lpnq)DpDq = a P na^. (A.l) 

Clearly the set on the right-hand side is contained in the set on the left-hand side. Conversely, as 
lp n q contains a q , it follows that 

Z s (l P n q) n p n q C Z 3 (a q ) n p n q = a q . 

Here we have used that o q is maximal abelian in p n q. Let Y G a q and assume that Y centralizes 
[pfiq. Since o q C lp it follows that Y normalizes l P , hence also the S-orthocomplement of tpHq 
in lp, which is [p n h. On the other hand, [o q , lp n h] C [q, h] C q, and we see that a q centralizes 
[p n h. It follows that Y centralizes lp, hence belongs to ap n a q . This establishes (IA.1I ) 
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For the proof of the actual lemma, assume that k G K D H. Then k normalizes both p 
and q. Now assume that k normalizes lp n q. Then k also normalizes Z s (l n q), hence also 
Z g (lnq)npnq = ap fl a q . If k normalizes ap D a q , then it also normalizes the centralizer of this 
space in g, which is [p. If k normalizes [p, then it also normalizes the center of lp, hence also the 
p-part of the center of lp, which is ap. If k normalizes ap then also apfiq = ap n a q . Finally, if 
k normalizes lp then also lp n q. The lemma follows. □ 

Proposition A.2. The stabilizer in G of Np ■ £q equals (Lp n H)Np. 

Proof. It is clear that (Lp n H)Np stabilizes Np ■ £q, hence it remains to prove that the stabilizer 
is contained in (Lp n H)Np. 
Assume that 

gN$-SQ = N$-Z Q . 

Then 

gNp(Lq n H) = Np(Lq n H), 

hence 

gNpH = N P H. 
This implies that g = nh, with n G ./Vp and h £ H satisfying 

/i/VpTT = N P H. 

We will finish the proof by showing that h £ Lp n H. We first note that NpH is submanifold of 
G containing e (see Corollary 12.31) and that 

hNph,- 1 C iVpil. 

Differentiating at e and using that Ad(h) is a linear isomorphism mapping fj onto itself, we see 
that 

Ad(/i)(n P e h) = np h. 

Note that g decomposes as g = (h © np) © (lp n q). In fact, lp n q is the orthocomplement of 
h © np with respect to the non-degenerate bilinear form B. Therefore h normalizes lp n q. 

Write h = kexpY with k G K and Y G p. As H is ^-stable, it follows that k G K n H 
and y G p fl h. Moreover, since lp n q is ^-stable, so is the normalizer of this space in G and it 
follows that both k and Y normalize lp n q. We will finish the proof by showing that both exp Y 
and k belong to Lp n H. 

We may write Y = Yq + (U + a(U)), with 1q G rj n lp and C7 G np. Since Yo normalizes 
lp fl q, we see that U + cr(U) normalizes lp n q. Let Z G lp n q. Then [U, Z] G np and 
[cr(U), Z] G n P , so [U + cr(U), Z] G lp fl (n P © n P ) = {0}. Thus, we see that U + a(U) 
centralizes lp n q. In particular, U + cr(U) centralizes ap, which in turn implies that {7 = 0. We 
now see that Y G lp n I) n p. 

In particular, it follows that exp Y G Lp n 77 so that it remains to prove the same statement 
about k. 

Since both h and expY stabilize Np ■ xq it follows k = /i(exp Y) -1 stabilizes Np ■ xq as 
well. We thus obtain 

N P H = kNpH = kN P k~ x H = kN P Hk~ l . 

Hence, the closed submanifold iVpi7 of G is stable under conjugation by k. It follows that its 
tangent space np © h at e is stable under Ad(k) and therefore that the 7>-orthocomplement of this 
tangent space, lp n q, is stable under Ad(fc) as well. 
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As k G MxnH^P H q), it follows from Lemma |A~T1 that k G MkciH^p)- We will show that, 
in fact, k G Zkc\h{&p)- Aiming at a contradiction, assume this not to be the case. The group 
kPk^ 1 is a <jo#-stable parabolic subgroup of G with split component op. By [Kna02, Proposition 
7.86] there exists an a G £ + (a, a; P) such that —a G £ + (fJ, a; kPk~ x ). Fix F a G g a \ {0}. Then 
G 0-q, C Ad(fc)np, hence [Y Q ,#y a ] C np © h. This implies that the orthogonal projection 
of [Y a , 6Y a ] onto a q is zero. On the other hand, the commutator [Y a , 9Y a ] is an element of o and 
therefore for every lea 

B([Y a ,9Y a ],X) = B(6Y a ,[X,Y a }) = -||Y Q || 2 apO = -\\Y a \\ 2 B(H a , X). 

Here H a is the element of a q given by (1 1 -4b . This implies 

[Y a ,9Y a ] = -\\Y a \\ 2 H a . 

The orthogonal projection of H a on o q is non-zero, which gives a contradiction. We conclude that 

k G Z KnH (a P ) = L P nKn H. □ 

Proposition A.3. The stabilizer of {Lq n H) ■ ^p equals (Lq n H)Nq. 

Proof. Since A^q C A^p it is clear that (Lq n H)Nq normalizes (Lq n i?) • ^p. It remains to 
prove that the stabilizer is contained in (Lq n H)Nq. 
Let g £ G and suppose 

5 (L Q n ) • Cp = (Xg n H) ■ dp. 

Since Lp C Lq, this implies 

n H)Np = (Lq fl H)Np. 

Hence there exist Z G Lq n i? and n G A^p such that g = In and 

n(L Q DH)Np = (L Q C\H)N P . 

We will finish the proof by showing that n G Nq. By Corollary 12.31 the set (Lq n H)Np 
is a submanifold of G. Using that ti(Lq n H)n~ l is contained in (Lq n H)Np, we find by 
differentiating at e 

Ad(n) ((Iq n h) © np) = (Iq n h) © n P . 

Here we used that Ad(n) is a linear isomorphism of q mapping np onto itself. The orthocomple- 
ment of ( Iq n h ) © np with respect to B equals ( [p n q ) © nQ . Therefore n normalizes ( [p n q ) © nQ . 
In particular 

Ad(n)(op n a,) C (lp n q) © n Q . 

Since n G Np, we also have 

Ad(n)(op n o q ) C (op n q) © tip, 

hence 

Ad(n)(o P n o q ) C (([p n q) © tig) D ((a P n q) © np) = (o P n o q ) © n Q . (A.2) 

Fix a minimal a o^-stable parabolic subgroup Pq G V (T (aq) contained in P. Let 5 be the collection 
of simple roots for the positive system S + := S + (a, o q ; Pq). Let So denote the set of roots a G S 
which vanish on oq n q and put S\ = S\Sq. Let S-i be a finite subset of o* \ S such that S-i U S 
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is a basis for a*. Equip this basis with a total ordering < such that S-i < Sq < S%, and equip 
o* with the associated lexicographic ordering, also denoted <. Since Q is a a o ^-stable parabolic 
subgroup containing Pq, a root a G S + vanishes on oq n o q if and only if it is a sum of simple 
roots from So. 

Thus if Y,q is the set of roots in S + vanishing on oq n a q and Y*f its complement, then 



Let 



log(n) = ^ Y a , 

aGS+ 



where Y a G g a . Then y Q G np for all a. Indeed, if a|apnaq = 0, then Y a = 0. Let ao be the 
smallest root in £+ such that Y ao / 0. Then for every Y G ap n q 



y - Ad(n)y = ^ o(y)y a - ]T 



ad(logn) fc y 



A;! 

The sum on the right-hand side decomposes as a sum of terms ZpiY) G 0/3 with f5 G S + , /3 > «o- 
If y is a P-regular element, then the lowest order part of the sum equals Z ao (Y) = ao(Y)Y ao 
and is different from zero. From (|A.2|) it now follows that Y ao G x\q, hence ao does not vanish 
on oq n o q , so «o £ This implies that any root a G S + with a > ao belongs to £+. Thus, 
if y a / 0, then a G and hence Y a G TIq. We conclude that n G iVg. □ 

Corollary A.4. (Lq Pi H)Nq and (Lpfl H)Np are transversal. 
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